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Simple Harmonic Motion — Basic Concepts

This Factsheet will:

= explain what is meant by simple harmonic motion

= explain how to use the equations for simple harmonic
motion

= describethe energy transfersin simple harmonic motion

= show how to represent simple harmonic motion
graphically

= explain the link between simple harmonic motion and
circular motion

Later Factsheets will deal with specific examples of simple

harmonic motion, such as the simple pendulum and mass-

spring system, and damped oscillatory motion.

What is simple harmonic motion?

Simple harmonic motion (SHM) is one form of oscillatory motion.
SHM occurs when the resultant force acting on a body has particular
properties:

. A body performs SHM if it is acted upon by aforce
= the magnitude of which is proportiona to the distance of the
body from afixed point
= thedirection of which is aways towards that fixed point.

A simple example of SHM can be observed by attaching a mass to a
spring, then pulling the mass down and releasing it. It will bob up and
down —thismotion is SHM.

In this case, the “fixed point” in the above definition is the equilibrium
position of the mass —where it was before it was pulled down.

The resultant force acting on the mass is composed of itsweight and the
tension in the spring. This will aways be “trying” to pull the mass back
to the equilibrium position, and the further away from equilibrium the
mass is, the stronger this force will be.

Equationsfor SHM
The definition of SHM above can be expressed in the form of an
equation:

F = —kx

Note that the minus sign appears because the force is directed back
towards the fixed point.

For the sake of convenience, thisis more usually written:
F = -ma’x

The reason why this form is more convenient will become apparent
shortly.

By using “F = ma”, this leads to the equation
a=-wx

This equation leads to the following equations (but you do not need to
know how unless you are studying SHM in A-level Maths!):
V= af(r2—x9) where v = speed
x = displacement
r = amplitude = maximum displacement

X = rcosat where t=time

This equation assumes that the particle starts at a point of maximum

displacement — in the case of the spring example, thiswould mean it
startsfromthe “ pulled down” position

If we started timing from the equilibrium position then the
displacement would be given by x = rsincxt

V = —rawsinat
Again, this assumes the particle starts at the point of maximum
displacement. —if it starts from equilibrium, we' d have v = r cocoscat

Some helpful maths

» To change degrees to radians, multiply by w180.
» To change radians to degrees, multiply by 180/1t

1. coswt means cos(w % t) — so you have to work out ai first, then find its cosine.

2. Radians are another way of measuring angles, rather than degrees. Angular velocities (see aso Factsheet 19 Circular Motion) are
measured in radians per second (rad s%). When you are using functions like coswt, you will need to work in radians. The best way to
do thisisto put your calculator into radians mode, enter the value you have and work out its cosine as normal.
= Onastandard scientific calculator, you can change in and out of radians mode using the button labelled DRG (where D = degrees and

R =radians). Some graphical calculators work in this way too; on othersyou need to go through the setup menu.
= |f you have to convert between degrees and radians (which you usually won’t):

3. sine and cosine repeat themselves every 360° (= 21 radians). This is because 360° is a full circle, so if you add 360° to an angle in
degrees, you get back to where you started. We can say that sine and cosine have a period of repetition of 360° or 2mradians
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We can deduce some more results from these equations:

M aximum speed

If we look at the speed equation V2 = «#(r® — x%), we can see that the
bigger x is, the smaller v? is and vice versa. The smallest possible value
of X2 is0. Putting x* = 0 in gives us V? = afr?, hence:

Vinax = & thisoccurswhen x =0

M aximum acceler ation
Since a = —ax, the acceleration will be greatest in magnitude when x is
greatest in magnitude, hence

maximum magnitude of a = «fr

Acceleration at any time
Using a = -’ together with x = rcosat, we have

a = —cfcosat

Period and frequency

We know x = rcoscd.

Since cosine repeats every 21 radians (see maths box on page 1), the
displacement will first return to itsintial value when at = 210

The time required for this is the period of the motion, T. From above,
we have

T=

e|y

The frequency of the motion is the number of oscillations per second.
-1_w
h= T 2

So w=21f

It is worth noting that the period and frequency do not depend on the
amplitude of the motion.

Exam Hint: You may need to know how to derive the expressions
for maximum speed and maximum acceleration. Other equations
can be learnt — but check your formula sheet, to make sure you do
not waste time learning equations you will be given.

The equations are summarised in Table 1 below

Tablel. SHM equations sorted by type

acceleration speed displacement period/frequency
equations equations equations equations
a= -fx V= (=) =2

a=-afcosut | v=-rasinat | x=rcosut w=21f
B = WF Ve = GX Yo = T

Using the equations
At first sight, there may seem to be a bewildering number of equations
to choose from. Here are some strategies to ensure you use the correct

one(s):

¢ Focus on w. If you are given the period or frequency, use these to
find w before doing anything else. Similarly, if you are asked to find
the period or frequency, find wfirst.

e Write down what you know and what you want. Then choose the
equation with just these symbolsin it.

*« You won't need to use the equations for the maximum vaue of
displacement, velocity or acceleration unless maximum values are
specifically mentioned.

« If time is not mentioned anywhere, you are probably going to be

using V2 = «#(r> = xd).

Y ou may aso find the following useful:

e Thetime required for the body to go between a maximum value of
displacement to the equilibrium position is one quarter of the period

e The time required for the body to go between one maximum of
displacement to the other (i.e. the two “ends’ of the motion) is half
of the period

The way to approach problemsis best seen from worked examples:

Example 1. An object is oscillating with simple harmonic motion.
Its maximum displacement from its equilibrium position is 0.2m.
The period of the motion is 0.1 s. Find its speed when it is 0.06m
from its equilibrium position

Sncewearegiven T, our first step isto calculate co.

T= ED W= 2m_ 62.8 rads?
w T

We now know:  r (= max displacement) = 0.2m
w= 62.8rads?
x=0.06 m

We want: v="?

Sncer, w, xand v areinvolved (and not t), we use
V2= W(rP-X)
V2 = 62.8%(0.22 — 0.06%)
V= 1435
v=12.0ms?

Example2. A mass is moving with simple harmonic motion; its
displacement was at a maximum of 1.1m when t = 0. Its maximum
speed is0.33ms?. Find:

a)itsfrequency;

b) its speed after 2.0 seconds.

a) Snce we are asked for frequency, we need to find wfirst
Sowehavee r=11m
Viax = 0.33mst
w="7?
So we need to use the equation with these three lettersinit:
Vimax = X
0.33= wl.1
w=0.33+11=0.30rads”

Now we have w, we find f using
w= 271
0.3= 27
f=0.30 +(2m) 4.8 x 102 Hz

b)Wehavet=2.0s, w=0.30rads®; r=11mv="?
So we must use:
vV = -rasinat
= -1.1 x0.30 xsin(0.30 x 2.0)
= -1.1 x0.30 x0.565
=-0.19 ms*

Exam Hint:
1. Make sure you do 0.30 x 2.0 before finding thesine
2. Ensureyour calculator isin radians mode!

——— e
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Example 3. A heavy body is performing simple harmonic motion. Its

displacement is at its maximum value of 0.40 m when t = 0. It first

reaches a point 0.20 m from its equilibrium point after 3.0 s.

a) Find theperiod of the motion.

b) Explain why the words “first reaches’ are important for your
calculation in a).

¢) Find thebody' s displacement when its speed is5.0 x 102 ms*

a) Sincewe are asked for the period, wefirst need to find w

Wehavee r=040m,x=020m,t=3.0s, w="?
So we use
X = rcosat

0.20= 0.40c08( w x 3.0)

To solve this sort of equation, we must get the part with the cos on

itsown first:
0.20+0.40 = cos(3w)
0.50 = cos(3w)

Now we must use cos* (using INV COS on the calculator) to find the
angle—in radians —whose cosis 0.5:

3w= cos'(0.50) = 1.05
w= 0.35rads?

Now we can find T = 22188
w

b) Since SHM is repetitive, there will be other times when the body
reaches this displacement.

c) Wehave w= 0.35rads?, r=040m,v=50x102ms? x= ?
So we use
V= o (r2—x9)
0.05% = 0.35%(0.4% - %)
0.0025 = 0.122(0.16 — x?)
0.0025+0.122 = 0.16 — ¥°
0.0205= 0.16 — X2
X2 = 0.16 — 0.0205 = 0.1395
x=0.37m

Example 4. A body performs simple harmonic motion. Its motion is
timed from a point of maximum displacement. Two seconds later, it
reaches the equilibrium position for the first time. Its maximum
acceleration is0.60 ms2 Find:

a) itsperiod;

b) its maximum speed.

a) Initially, we do not seemto have enough information to use any
equation. But we do know that it takes two seconds to move from a
point of maximum displacement to the equilibrium position —which
corresponds to a quarter of the period.

So the period is4 x 2 = 8 seconds

b) For any further calculations, we will need w= % = %
=0.785rad s*
we know:  aya = 0.60 ms?
SO USe Ay = WPT
0.6 = 0.785%

r=0.6+0.7852= 0.973m
We need Ve = ar = 0.785 x 0.973 =0.76 ms*

Note: we could have obtained this by dividing ay, by .

Typical Exam Question

A body performs SHM with a period 3 seconds. Timing starts at
one of the extremes of displacement of the body.

Deter mine the next three times when:

(@) displacement isat an extreme of the motion; [3]
(b) velocity iszero; [3]
(c) accelerationiszero. [3]

(a) it will be at the other extreme half a cycle later, so thetimesare
15sv,30sv,45sv

(b) Velocity is zero when af(r> —x%) = 0 —sowhen x= #rv"
Sotimesare1.5s, 3.0sand 4.5sasin (a). vv~

(c) Acceleration = -ax. So acceleration is zero when body is at
equilibrium position. v"This is midway between the timesit is at the
extremes. So we have 0.75s, 2.25s, 4.75s v'v~

Typical Exam Question

The body in the diagram performs simple harmonic motion
between the points shown as dotted lines. The period of the motion
is2s.

20cm

identical light helical springs

Calculate thefollowing quantities:

(a) amplitude; [1]
(b) maximum acceleration; 2]
(c) maximum speed. (2]

(a) amplitude = distance from equilibrium to max displacement pt

The distance shown is twice that — so amplitude = 10cm= 0.10mv”
(b) Weneed w= %zn

Amax = A =77(0.10) v'= 0.99 ms?v”
(©) Vimex = @r = 0.107Tv= 0.31mstv”

Exam Hint: - Many candidates lose marks through omitting to
change their answers to Sl units — in the above example, if the
amplitude had not been changed into metres, the values for
maximum acceleration and speed could have been inconsistent.

Energy Transfersin SHM

In SHM, with no externa forces (so no “damping” or

“forcing”), the total energy of the oscillating system remains
constant.

Although total energy remains constant, energy is transferred between
kinetic energy and potential energy — when the body is at the
equilibrium position, it is moving at its fastest, so its kinetic energy is
maximum, and when it is at the points of maximum displacement, its
speed is zero so its kinetic energy is also zero. These energy transfers
are best represented graphically (see next section).

—_—m——— e
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Graphical Representation of SHM

Displacement, speed and acceler ation against time
The graphs of these graphs, as might be expected from their respective
equations, produce a standard “sine wave’ shape:

displacement
X

r period, T amplitude, r

acceleration

a

ofr

—efr

Pointsto note

e The speed graph is the gradient of the displacement graph, and they
have a phase difference of 2 (= 90° or a quarter of a period).

* The acceleration graph is the gradient of the speed graph, and is 172
out of phase with the speed, and Ttout of phase with displacement.

« Each of these graphs has the same period.

e Theacceleration is aways opposite in sign to the displacement

Energy Graphs

Energy against displacement
Wewill consider total energy, kinetic energy and potential energy.

Since total energy is constant, this graph is simply a horizontal line.
Kinetic energy, however, is more interesting:

We know that V2 = af(r? —x?)

So kinetic energy = ¥ mv? = Ya ma(r? — x°)

This leads to the graph below:

k.e.
15 mafr?

x

We can combine kinetic energy, potentia energy and total energy on
one graph:

energy total energy
s mr2ef .
potential
energy
kinetic
energy
displacement
0

Note that the kinetic energy and potential energy at any time add up to
thetotal energy, which is constant.

Acceleration against Displacement

Energy against time
Since we know v = -rwsinad, we can deduce
k.e. = smv? = Ya mrlafsinfat
This produces the following graph:
k.e

T

Note that the kinetic energy goes through two cycles during one period
of the oscillation.

The total energy is, again, a constant, producing a horizontal straight
line graph. The potential energy graph is an “upside down” version of
the kinetic energy:

p.e

Yo mr?
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Circular Motion and SHM

To see the link between circular motion and SHM, consider an object
performing horizontal circular motion at constant speed in front of a
screen, with the plane of the motion perpendicular to the screen. Light is
then directed onto the object, so that the object’s shadow falls onto the
screen. The diagram below shows a view looking down on the
apparatus.

A AR\ _Screen
L
e shadow
o
a
B*
B

The shadow’s motion will be in a straight line, between points A* and
B*. In fact, this motion is simple harmonic; to show this we will need to
introduce some angles and simple trigonometry.

¢ We will measure the displacement of the shadow from the point O,
which is midway between points A and B. It is level with the centre
of thecircle, C. This corresponds to the equilibrium point in SHM.

*  We will assume the object starts its circular motion at point A. This
means its shadow will start at point A*. This corresponds to our
assumption that SHM starts at a point of maximum displacement.

¢ Theangletheline CP makes an angle 8with theline CA at time't.
¢ Theparticleis moving with a constant angular velocity w.

We now need to find an expression for the displacement, x, of the
shadow at time't.

By trigonometry, x = rcosf, wherer = radius of the circle.
Since the particle has a constant angular velocity, 8= «t
So at timet, displacement of shadow is given by

X = rcosad
Thisistherefore SHM.

Any SHM can have circular motion linked with it in this way — it is
known as associated circular motion. The SHM is sometimes
described as a projection of the circular motion. Note that w in the
SHM corresponds to the angular velocity in the associated circular
motion

Exam Hint: - This only works if the circular motion is at constant
angular velocity — so in many cases it will not apply to vertical

circular motion.

Typical Exam Question

A large fairground wheel, which rotates at a constant rate, casts a
shadow on to a nearby building. At a time when the sun's rays
strike the building horizontally, a boy measures the speed of the
shadow of one of the cars on the wheel as it passes different floors
of thebuilding.

Shadows
\I

—

Big wheel
—

—>
Rays of sunlight

At afloor which islevel with the centre of the wheel, the speed of
the shadow is0.17 ms™. At afloor 10m higher, the speed is0.16 ms™.
Calculate:

(a) thetimeit takesto complete onerotation; [6]
(b) the diameter of the wheel. [2]

(a) Shadow is projection of circular motion [ SHM
Level with centre of wheel [7 speed is maximum.
$00.17= wr v’

When x= 10 m, v= 0.16ms ™. So using v* = af(r? —x%):
0.16° = o (r?—10%) v
0.16° = afr? — wf10*v

But ofr® = (ar)? = 0.17°

S 0.16%= 0.172-100af v
100¢f = 0.172 - 0.16% = 0.0033
o= 33x10°
w=57x10%rads! v

T=2nw= 11 x10°sv

(b) Thisis2r.
017=ar O r=017/w= 29.8 mv’
Diameter = 60 m (25F) v~

Questions
1. Explain what is meant by simple harmonic motion.

2. Write down expressions for the maximum speed and acceleration of
aparticle carrying out SHM.

3. Sketch graphs to illustrate displacement, speed and acceleration
against time for a particle carrying out SHM. State the relationship
between these graphs.

4. Sketch agraph to show how kinetic energy varies with displacement
or a paricle carrying out SHM. Include on your sketch the
maximum value of the kinetic energy.

5. Explain why a projection of circular motion will not produce simple
harmonic motion if the angular velocity is not constant.

6. A particle carrying out SHM has a period of 2.0 s and a maximum
speed of 9.4 ms'. Given that timing starts when the particle’s
displacement is at a maximum, find the first 3 timeswhen itisat a
distance of 1.5 m from its equilibrium position.

7. A body carries out SHM. When its displacement fromits equilibrium
position is0.10 m, its speed is 5.0 ms™. When its displacement from
equilibrium is 0.30 m, its speed is 2.0 ms™.

Calculate its maximum displacement.

—m
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Exam Workshop

Thisis a typical poor student’s answer to an exam question. The
comments explain what is wrong with the answers and how they
can beimproved. The examiner’sanswer is given below.

The spherical object shown in the diagram below is known to
perform simple harmonic motion between points A and B. The
object appears stationary when viewed with a strobelight at 21 Hz
and 28 Hz but at no frequenciesin between.

A 20cm B

10cm

X < »Y
Determine: 4cm 9cm
(a) thefrequency of the motion. [1]
28Hz = 0/1

The student clearly did not understand what was happening with
the strobe frequencies, but giving some answer, rather than no
answer, was sensible, since it allows the student to continue with
the question and hence gain some marks.

(b) the maximum speed of the object. 2]
w= 21f = 56T v’
v=ax = 567Tx 20 = 3520 ms* (3SF) 12

The student gains the mark for using his/her value of frequency
to find w, but then uses both the wrong value for r (remember
amplitudeis haf the “peak-to-peak” value — thisis commonly
examined!) and the wrong units (cm rather than m)

(c) the acceleration at position x. [2]
afx = 567F x0.04 v= 31000ms? (3SF) 12

Again the student gains credit for using hisher own value of
frequency — and here, she has remembered to work in Sl units.
But the student has forgotten that acceleration is a vector — it
must have adirection! Thewords “towards the centre” or the
use of aminus sign would have completed the answer.

Also, athough the student did not make this error in calculation,
it was unwise to write 561 when (56m)? is meant, since it may
lead to making the mistake of squaring just the Tt.

(d) the speed at point y. [2]
Vo= (- x) v
V2 = 5677(20° - 99)
v = 9870000 ms! « 12

Since the student has shown a suitable method, one mark can be
awarded. However, s'he has forgotten to take the square root!
The size of the answer should have alerted himvher to something
wrong.

Examiner’s Answer
(a) The frequency must be a common factor of 21 and 28Hzi.e. 7THz. v/
(b) w= 27 = 14T. v Vi = rw= 0.1 x 1471= 4.4ms* v
(©) a= wx= 14%1% x0.04 = 77ms?v towards the centre v~
(d) vV’ = ? (12X v
V2 =14%7F ((0.1)% - (0.09)%)

v=19ms? v

Answers
1—4 can befound in the text

5. If theangular velocity of the circular motion is not constant, then
the angle through which the body turnswill not be directly
proportional to time. Accordingly, the displacement of the
projection will not be proportional to the cosat, when w is
constant.

6. T=2s0 w=2nT=mrads?
Vix =X =310 r=3.0m

x = 3.0cosrt
Distance of 1.5m from equilibrium O x=+1.5m
x=15m0 1.5=3.0cosrmt
0.50 = cosrtt
1.047 =1t
t=0.33s
x=-1.5m0 -1.5=3cosrt
-0.50 = cosrtt
2.094 =1t
t=0.67s

We know the body takes half aperiod (= 1s) to travel from one
extreme displacement to the other.

So to travel from x =-1.5 m to the negative extreme takes
(1.0-067)=0.33s
It then takes afurther 0.33sto returnto x = -1.5m

So thefirst 3 timesare; 0.33s; 0.67s; 1.33s

7. V= (rP=x3)
52 = o#(r?-0.1%) ®
22=#(r*-0.3%) o)
0-0: 5 _ 0’(?-08) _ (*-0.1)
2> 0?(r?-03%) (+*-0.3)
25 __(r’-0.01)
4 (r?-0.09)

25(r> - 0.09) = 4(r*>—0.01)
25r2 —2.25=4r> - 0.04
21r?2=2.21

r?=0.105

r=0.32m (2SF)

" When you write down your fina answer you are expected
to use the same number of significant figures as the data
that you were given. In mid calculation it doesn't realy
meatter if you use one more significant figure because it is
your method rather than your mid-way result that is being
marked.

The same thing applies to units. You may choose to leave
out unitsin the middle of calculations but you must include
them with your final answer.

This Factsheet was researched and written by Cath Brown.

Curriculum Press, Unit 305B The Big Peg, 120 Vyse Street, Birmingham B18 6NF. Physics
Factsheets may be copied free of charge by teaching staff or students, provided that their school
is a registered subscriber. They may be networked for use within the school. No part of these
Factsheets may be reproduced, stored in a retrieval system or transmitted in any other formor by
any other means without the prior permission of the publisher. ISSN 1351-5136
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M echanical Oscillations & the Mass-spring System

This Factsheet covers the applications of simple harmonic motion
(SHM) to mechanical oscillations. Factsheet 20 covers the basics of
SHM. Factsheet 54 will cover the simple pendulum.

e You need to be able to recognise SHM from the forces acting.
The diagram below shows a mass m oscillating along the line AB
about the centre of oscillation (CO)

No matter which way the mass is moving, the force acting is always
directed to CO. Because it aways tries to return the mass to the
centre, itiscalled arestoring force (RF).

e For SHM, the restoring force is directly proportional to the
displacement (x) from the centre of oscillation. RF o< X
So the further away the mass is from CO, the larger the size of the
forceonit.

So to test for SHM, we must analyse the forces acting and check that
these two conditions apply:

(i) there must be a restoring force acting. (ie a force acting
towards a fixed point so as to reduce x)

(ii) the restoring force must be directly proportional to the
displacement.

When x is positive the force F is in the negative direction. The opposite
is true when X is negative. This means that the two conditions can be
stated mathematically as

Fe—x or F=—(constant)xx ®

Example: A ssmple mass-spring system
Thisis one of the key examples of SHM that you need to know.

A mass m rests on a horizontal frictionless surface and is connected to a

spring with stiffness constant k.

The tension in the spring and the extension are linked by Hooke's law:
Tension = k x extension

I—WW\—@ Unextended spring, stiffness k.

T Mass at CO (equilibrium position)

W%

i Direction of
— > xincreasing
CO

When the mass is displaced as shown, there is a force F acting on the
mass where F = tension in the spring. Hooke's law tells us the size of
theforce: F = k x x.

But since F and x are vectors, we must measure them in the same
direction.

Theruleisthat alwayswork in the direction of x increasing

F isin the opposite direction to x increasing, so we have F = -kx.

So the restoring force is directly proportional to x - so, when the massis
released, it will move with simple harmonic motion.

Exam Hint: You must be careful with x. We often use x for the

extension of a spring and also for the displacement of a body. In

this example, they are the same but this is often not the case. As a
rule, use X for the displacement and then figure out the extension.

The next stage in looking at SHM is to use Newton's 2™ law of motion
inthe form F = m x a. Again thisis a vector equation with both F and a
being in the same direction. So, looking in the direction of x increasing:

F=mxa —“+x=mxa a:—[ﬁjx
m
Thislast equation is now compared with a standard equation for SHM:

a=-w’x
k

0 0?=X oo K

m m
We use o to find the period, frequency, velocity & displacement.
For example:

Period T= 2 sohere, T=2Z T =-2% T =27 |
0} w k k
V'm

The formula for the periodic time is usually given on a ‘formula sheet’
so you need not commit it to memory. It is worth noting that the period
increases with the mass. Mass is a measure of inertia, it tells you how
sluggish the body is to movement. A really massive body would take
longer to oscillate ie, its period would increase. Because k is in the
bottom line, the opposite effect takes place. If a spring is ‘lazy’, it is
easy to extend and k is small. Think of a bungee rope. k is small but
‘1 over asmall number islarge’ and so the period is‘large’.

Summary. In dealing with SHM questions first draw a sketch
showing the forces acting together with a clear indication of x ( the
displacement ) increasing. Then, (in this case) from a knowledge of
springs deduce that, F = —k x x. This demonstrates SHM. The next
stage is to find the corresponding equation for acceleration and
compare it with a = -w’x to deduce . Almost al SHM quantities
are determined by . One important exception is the amplitude.
This is determined by something specific to the question such as
initial displacement or velocity. It is not determined by the mass of
the body nor the stiffness of the spring.

————————————————————————— —————————————
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Example: Vertical mass-spring system

In this example, we also have to consider the effect of the weight of the

mass, since the spring would not be unextended at equilibrium. The key

ideas are:

o First consider the mass at equilibrium — this allows you to find any
unknown quantities, such as the spring constant or the extension at
equilibrium

e When showing the motion is SHM, take x to be the downwards
displacement from the equilibrium position (CO). So in this case,
the extension of the spring will be x + extension at equilibrium

e Aswith the horizontal mass-spring system, we have o = \/K ;
m

unless you are asked to show the motion is smple harmonic, you
can quote this relationship

An dagtic cord has an unstretched length of 30cm. A mass of 60
grams is attached to one end and hangs fredly from the cord whose
other end is attached to a fixed support. The mass then extends the
length of the cord to 40cm.. Assumethat the cord obeys Hooke s law.

(a) Calculatethe‘spring constant’ for the cord.

The mass is then displaced 5.0cm vertically downwards and
released from rest

(b) Show that its motion is simple harmonic

(c) Find:

(i) theperiodictimefor oneoscillation

(ii) the amplitude of themotion A

(iii)the greatest speed of themass and state whereit occurs

(iv) the greatest acceleration of themass and state whereit occurs
(take the acceleration of free fall, g to be= 10 ms?)

@

30cm
40cm

mg
Condition for equilibriumis T =mg.
Converting mass into kg and extension into m:
-3
_ mg. _ 60x10 >_<210 — 6Nm™
extension 10x10

(b)

CO

Xm 0.4m

mg

We measure everything downwar ds (as x is measured downwards)
Resultant forceon mismg—T

But T=k x extension
Extension = 0.1 + x (sinceit is x m below CO)
So T=k(0.1+ x) = 6(0.1 +x)

So resultant force F = (0.06)(10) — 6(0.1 + x)
=0.6-0.6—-6x=-6x
So mation is simple harmonic

(©) (i) From (b) we have —6x = 0.06a, so a =-100x
Hence »” = 100 and @ = 10
SoT= 2n_2n = 0.63s (2SF)
o 10
(Or you could have done this using the standard formula for «?)

(ii) We aretold ‘the mass is displaced 5cm vertically downwards'.
This then isthe amplitude in this case.
When released, the mass will rise 5cm to the equilibrium
position and then another 5cm above the equilibrium position.
So A =0.05m.

(iii) The maximum speed occurs at the centre of oscillation.
V =Aw
=5x102%x 10
=05ms?

(iv) Remember that the defining equation for SHM is- a = -o° x
It follows that the greatest acceleration occurs when x has its
greatest value.

Thisis clearly when x = * A ie at the points when the mass is
at its highest and lowest points.

Inthiscase, ®=10s*and A=0.05m.

The numerical vaue of the greatest acceleration is

(10> (0.05) = 5ms?>

Displacement, Velocity, Acceleration and Phase

The graphs (right) show the relationship between the displacement (x),
the velocity (v) and the acceleration (a) for a mass-spring system. If
you start with the displacement, the gradient of its graph against time
(at any position) will give you the value of the velocity at that point.
The gradient of the velocity against time graph will give you the value
of the acceleration.

The three graphs are all sinusoidal (take sine or cosine shapes) and as
such are often drawn with angles on the x-axis.

The diagrams provide a good example to explain the term ‘phase
difference’

Look at the displacement and velocity in fig 1. They are ‘out of step’
with each other or, out of phase. The phase difference here is 90° (or
n/2) .The phase difference between displacement and acceleration is
180° (or m).

acceleration (= -a°X)
velocity

» time

0
-|—1/4 l p) Tz/4

Displacement (X)
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Exam Workshop

This is a typical weak student’s answer to an exam question. The
comments explain what iswrong with the answers and how they can
beimproved. The examiner’sanswer is given below.

A small machine part is vibrating with simple harmonic motion; its
displacement / time graph is shown below.

*gﬂ
&
3
< :
- » time
| N
i
[}
i
< |
- 30ms g
For the machine part,
(i) statetheamplitude of the motion [1]
The amplitude a= 10mm v 1

Thisis correct. The student has halved the peak to peak value and
got the units correct. Beware that at a later stage, this may need
converting to metres.

(ii) calculatethe periodic time [1]
The periodictime T= 30ms = 30 x10°%s ¥ o1

This is incorrect; the student may have rushed the question. 30
ms is for three half cycles, not two An error like this will make
subsequent calculations wrong but the student is only penalised
once. The examiner will ‘re-work’ the rest of the question asif T
were 30ms. For this reason you should explain your working as
fully as possible and write equations before substituting values.

(iii)the frequency (f) (1]

3
1 1 10 333Hz vecf Ul

timeperiod  30x10° 30

frequency =

The student has shown the work required. The error carried
forward has been allowed for.

(iv) the angular speed (w) [1]
o =2nf
o= 2m33.3= 209 s vect 1

Again the student has shown working (incorrect f carried
forward). Correct answer. Note, @ measured in st

(v) the maximum speed, and label any two points (P &Q) on the
graph wherethisoccurs. [3]

V=oVA? X XX 0/3

The student has reproduced a formula but cannot apply it. No
points shown on graph.

(vi)the maximum acceleration, and label any two points (R & S)
wher e this occurs. [3]

Rv S

Maximum acceleration is at extreme of motion when x = amplitude.
a= -’ = - 209°x10 =436810 @'1 23

Points R & S correct The student has used the correct formula,
(allowance for incorrect @ =209 ) but has incorrect units.

If themachine part hasa mass of 20 grams, calculate

(vii) the greatest restoring force acting on it. [1]
F=ma
F = 20x10°° x 436810 Newtons. v'ecf 1

The student has quoted the correct formula and substituted what
s/he thinks the correct values.

This example illustrates the comparatively large forces acting on
the body (about 100 x weight ) when vibrating.

(viii) Without further calculation, comment on the resultant force
acting on themass at the pointsyou havelabelled P & Q. [1]
0/1

The student did not answer section v) but, the speed is a
maximum, ie not changing which means the acceleration at
points P & Q is zero. Hence the resultant force at these pointsis
zero

Examiner’s Answers
(i) Theamplitudea= 10mm(= 0.01m) v~
(ii) 3 half cyclesin 30 ms

2 half cyclesin 20 ms
period = 20 ms v’

1
(i) f 20x107
(iv) ® = 2=f

0=2rx50=1007=314s

=50Hz v

(V) The maximum speed is when:
X=0= V= A= 314 x10x10°= 314 ms* v/
One mark for correct units.
Pointsfor P and Q shown
occurs when gradient of
displacement/time graph P
greatest(+ or -). Any twov’

(vi) 1 mark for correct position of Rand S
Other possible points for R and S shown dotted

A AN
VARY,

v
A = a)ZXA:‘é142X10X10'3: 986 ms?
(Vii)F = ma = 20x103x 986 =19.7 N

A

(viii) the speed is a maximum , ie, not changing which means the
acceleration at points P & Q is zero. Hence the resultant force at
these pointsis zerov’
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Exam Hint: In answering SHM questions, focus on . Without this,
not much else can be found. It is often supplied via periodic time

T= 2 or the frequency f = 27w. Remember that @ is constant for a
0]

particular mass and spring [u) = \/E) but the amplitude can be set
m

at any sensible value. For example in the question above, the

amplitude could have been set at 2cm. (so changing greatest speed

and acceleration) but @ would not change.

e Do not confuse a for acceleration and A for amplitude.

e A lot of numerical questions involve grams and centimetres,
kilograms and metres. Be ready to convert!

Typical Exam Question

Thediagram representsthe cylinder and piston of a car engine.
As the piston moves from position T
down to B and back to T again, the
crankshaft rotates through 360°. The
distance BT is 10 cm. and the crank
speed is 3000 revolutions per minute.
For the piston, find:

(i) itsfrequency;

(ii) itsamplitude.

You may assume that themotion of the piston issimple harmonic.
Find
(iii) the maximum speed of the piston, stating its position where
thisoccurs,

the maximum acceleration of the piston, stating the position
wherethis occurs.

@iv)

Answers:

. 3000

i) f=—— =
0] 0

50 Hz

BT
2
_ 10cm
2
= 5cme 5 x10%m

(ii) amplitude

(i) Vire = A x

= A2nf
= 15.7ms*. Midpoint of BT.
(iv) a= -
Amex = 0 XA

= 4930ms?. At both pointsBand T
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Questions

1. The diagram shows a mass m resting on a platform that can oscillate
with SHM in a vertical direction. The mass is shown above the
centre of oscillation with the forces acting on it. R is the reaction
between the platform and the mass.

R‘\ mass m
®
platform | mg |
v <
CO

(i) Write down the equation of motion for the mass whilst it
remains on the platform.

(ii) What is the acceleration of mass/platform when the mass loses
contact with the platform?

(iii)Hence deduce the relationship between frequency and
displacement when contact islost.

(iv)If the platform has a fixed frequency of 10 Hz, find the
amplitude when contact is just lost.

(v) If the platform has a fixed amplitude of 1.0 mm, find the
frequency when contact is just lost.

2. A loudspesker produces a musica note by the oscillation of a
diaphragm. If the amplitude is 1.0 x 10 mm, what frequencies are
available if the diaphragm’ s accel eration must not exceed 10 ms2 ?

<«

3. A block of mass of 600 grams is hung from a spring. It performs
vertica oscillations with a periodic time of 0.5s.
(i) Calculate the spring constant.

An additional mass of 200 grams is now added to the block.
(i) Calculate the new periodic time.

Answers
1. (i) (R—-mg)=mxa. = R=m(g+a)
(ii) contact lost when R=0, iea= -g
Or the acceleration is g toward the CO
([ila=-0’x =-g= -’ (g= o’x =g = 472 %)
(iv) 9.8 = 472 10° x = x = 2.5mm
(V) 9.8 = 47%% (1.0x10°) = f = 16 Hz (2SF)
2. For SHMa= -a’x

Numerical values only:
@’ <10 or 47°F*x <10 = f <500Hz for x = 10°°m

3. () T:ZE\/%:O.S:M/%:kIQSNm'l

0.6+0.2

() T=2m =7

= T=0.58s(2sf.)

—_———— e
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The Simple Pendulum

This Factsheet follows on from Factsheet 20 (Simple Harmonic Motion)
and Factsheet 53 (Mechanical Oscillations).

The simple pendulum is an example of a system that oscillates with
simple harmonic motion(SHM). It consists of a small mass (a bob)
attached to a thin thread and allowed to oscillate. The centre of
oscillation is the position of the bob when the thread is vertical.

There are two possible ways of measuring the displacement of the mass
m from the centre of oscillation: x (distance) or 6 (angle) as shown
below. 6 must be measured in radians (see box right). 8 and x are

related by: 6 :%

Fig 1la

Fig 1b shows how to analyse the forces acting on the bob.

The two forces involved are the weight mg (acting vertically) and the
tension T acting along the thread.

We resolve the forces along and perpendicular to the thread.

Along the thread, no motion takes place, so we have
T = mgcoso

At right-angles to the thread, in the direction of increasing 6, we have:
Resultant force = -mgsing

Theangle 6is small and measured in radians, so sin 6 = 6.

Soresultant force  =-mgsind

= — mg0 (using the above approximation)
X
= m(
We now have the requirement for SHM i.e. the restoring force is
proportiona to the displacement x

To complete the proof, we use Newton's second law (F = ma) in the
direction of x increasing:

F=ma
mg¥ = ma
l
a= —%x Thisis of theform a= -@’x, - the standard equation for SHM.

So we have @’ = %,andsou)z \/%

Radians
Radians are an another way of measuring angles.

radians = degrees x degrees = radians x@
180 b4

Approximations: If 0 is a smal angle, measured in radians, then:
snb=6 cosH=1 tan® =~ 0

Arcs: The length of an arc of acircle is given by r6, wherer is the
radius of the circle and 6 the angle subtended by the arc.

A
9
0

Period of a pendulum

SmceT-E and ® = T———Z\/Z

o \/7 g
The most striking aspect of this equation is that the time period is
independent of the bob’s mass m. Changing the mass will not change

the period. The only way to alter the period of a simple pendulum isto
alter itslength ¢.

Another point worth noting is the units in the equation T =2x \/z
g

The units of the left hand side must be equivalent to those on the right.
Writing m for metres and s for seconds, the units for acoderation are ms?.

So the units of 27r\/Z are l:\/g =s
g m
5)

The unit for Tis s, so the equation is consistent in terms of units.

Worked Example: A long case (grandfather) clock has a pendulum.

To a good approximation, we may consider it to be a ‘simple

pendulum’. The bob may be moved up or down by means of an

adjusting nut.

(a) If the clock runs too fast, which way should the bob be moved, up
or down? Explain your answer.

(b) The clock ‘beats seconds.” That is, each half swing, a tick or a
tock, is one second. Find the length of the simple pendulum
required if the acceleration dueto gravity is 9.80 ms?.

(a) If the clock is running too fast (gaining), then the pendulum is
oscillating too quickly - its period (T) istoo small. So T must be

increased and since T :er\/Z we must increase the length ¢ -
g

the bob should be moved down
(b)Each half swing is one second= full oscillation takes 2 seconds

2=2r L g)l: L
\9.80 z Vo980

4—980—0993m
r’

————————————————————————— —————————————
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Typical exam question
The diagram shows a simple pendulum with a length of 0.90m.
The pendulum bob is drawn aside as shown through a distance X.

(a) If thedistance X is 10 cm, calculate, for the bab,
(i) theperiodictime
(ii) theinitial acceleration of the bob
(iii)the subsequent maximum speed of the bab.

(b) A second mass is now held on the vertical passing through the
pendulum’s point of suspension. Where must this second mass
be placed so that when both masses are released simultaneously,
they will collide with each other?

(c) If the distance X isincreased to 15cm, will the two masses again
collide? Explain your answer. You may take the acceleration of
gravity tobe 9.8 ms?.

Answer

. { 0.9
(a) (l) T=2ﬂ'\/§=2ﬂ' % =1.9s
2r

Now usethisto find . w= 2:—
T 19

(i) for SHM a= - w’x. Released when x = 0.1m.
initial acceleration = (3.3)2x 0.1 = 1.1 ms? (2sf.)

(i) Viex= Ao = 0.1 x3.3= 0.33ms*

w=33st

(b) Timefor bob to reach vertical is %seconds: 179 =0475s.

During thistime, second massfalls vertically under gravity.
Use s=ut+%gt?
s= 0+ % x9.8x(0.475)%*= 1.1 m

(c) The second mass must be placed 1.1 m above lowest position of bob
ie 0.2 m above point of suspension. If the distance X isincreased to
15 cm, the period of the pendulumwill not change. It will still take
0.475 s to cover the increased distance. Hence the masses will still
collide.

Exam Hint:

1 Most SHM questions require a value for @. A common way of
supplying w is through the periodic time T. Remember from your
SHM work that w is radians per second, 2r is radians and T is
seconds so it is easy to quote:

2r
w=—
T

2 This question supplies numerical values to two significant figures.
This means that final answers should be to two significant figures;
however, it always a good idea to work to more than this until
stating the final answer. In this case, as an intermediate step, we
find a quarter period to 3 sig fig ( 0.475 s). Writing 0.48 may give
an inaccurate answer in later parts of the question.

Using a pendulum to find the acceler ation of gravity
The acceleration of gravity can be found with a simple pendulum. We

know that the period isgivenby T = Zn\/g .

So, by measuring T and ¢ we should be able to figure out a value for g.
Squaring the above equation gives T? =47r2é .

In this equation, T and ¢ are the variables whilst = and g are constants.

g
This is the same form as the equation of a straight line. So, agraph of T?

2

2
Re-writing the equation with the constants in a bracket: T2 :(i }d, .

against ¢ will beastraight line with gradient 4z

Table 1 showsin the first two columns the length and period of asimple
pendulum. You would be expected to figure out the third column and
completeit.

om T/s T2/
0.4 1.27 161
1.0 2.00 4.00
16 2.55 6.50
2.0 2.82 7.95

The graph has been drawn for you and a suitable point (1.8, 7.2)
identified for gradient calculation.

T4 A
8.0
e_
~ N
> 18,72
6.0 1( )
40 X
2.0 S
o/ >
1.0 20,

From the graph, the units for the gradient are sm. This is ‘the upside

down’ of acceleration units.

2
Thisis correct because the gradient is L .
g

2
To find g we solve the equati on: % _Ar =g=4r’ x% =9.87ms?

—_——————
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Exam Workshop

Thisis atypical weak student’s answer to an exam question. The comments explain what is wrong with the answers and how they can be

improved. The examiner’sanswer isgiven below.

The diagram shows a simple pendulum. Thelength of the pendulum,
¢is80cm and the mass of the bob is 100 grams.

h

In thisquestion, take the acceleration of freefall to beg=9.8 ms?
For the pendulum, calculate:
(i) theperiodictimeT (2

T=27r\/z~/
g
T=2ﬂ'1/ﬁ x
9.8
T=21x2.86
T=18s 1/2

The candidate has the correct formula but not changed
centimetresinto metres

(i) theangular velocity @ [2]
_angleturned _ 27 v
time taken T

w:E:OGS rad s* ecf 2/2
18

The candidate has used the correct formula and brought down an
error; no penalty here. ecf=error carried forward.

The bob is now drawn aside horizontally through a distance X = 10cm

and released from rest. For the subsequent motion of the bob, find

(iii)the amplitude [1]
The amplitude= 10cm=0.1mv 11

Correct, the candidate has changed units,

(iv) the maximum velocity of the bob [3]
maxvelocity = Axaov
= 0.1 x0.35 ecf
=0.035ms' v’ 3/3

Full marks here, again an alowance for carrying an error
forward.

(v) As the bob continues to oscillate, find the maximum kinetic

energy of the bob and the position where this occurs. [3]
The maximum kinetic energy = %2 x mu? v/ v

= % x 0.1 x 0.035” ecf

= 0.000061J A 2/3

Again one mark for carrying an error forward, one for k.e. but
omitted position

(vi) Hence find the maximum change in potential energy and deduce
the vertical displacement h through which the bob moves. [3]
Potential energymgh A A A 0/3

The candidate cannot get started. Not even one mark for p.e.; the
change has not been equated to change of k.e

(vii)The bob isnow drawn asde horizontally through adisance X = 15cm
and released from rest. Without further calculation, state and
explain what will happen to the periodic time T and the
maximum amounts of kinetic and potential energies. [4]
The period increases ¥ A 14
The maximum energiesincrease v'A

First part wrong, & no explanation. Second correct but lacks
explanation.

Examiner’s Answers

v
@i T= 2;:\/%: T:Zn\/%il.Ss(s.f.)
v v
(i) ‘”:\P: \/9:8= 35s?
[ 0.8

(iii)Amplitude= 10cm= 0.10m v’

. v v v s
(iV) Viex = AX®=0.1x35=035ms

v v v
V) Keymy = [g]uz = [071] x(0.35)% = 6.1 x 10°%J (at lowest point)

v v v
(Vi) A(k.€)> = A(p.e) = 6.1 x10°J = mgh = h = 6.3 mm (2s)

v
The period is independent of amplitude (determined only by | and g)
and reryi ns constant. The maximumk.e. and p.e. both increase.
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Questions Answers

1. Write down the equation for the period of a simple pendulum. \/7
1. T=2n |—

2. Write down the equation for (a) the frequency and (b) the angular

frequency (w) in terms of the acceleration of gravity and the length
of the pendulum.

Explain how you would accurately measure the period of a smple
pendulum.

In an experiment to measure the acceleration of free fall using a

simple pendulum

(a) explain what measurements you would take;

(b) state what quantities you would plot along the y and x axes of
the graph that you would plot;

(c) explain how you would use your graph to calculate the
acceleration of freefall.

(@ A simple pendulum has a frequency of 1.5 Hz. Calculate
(i) itsperiodictime
(ii) thelength of the pendulum (take g = 9.8 ms?).

(b) The mation of the pendulum is recorded by a moving strip as
shown.

speed ums?

The strip moves uniformly with a speed u of 150 mm s*.By
considering the number of oscillationsin 1 second,
(i) Find the “wavelength” of the trace obtained.

(ii) The pendulum is now replaced by one with a frequency of
3.0Hz. Find the new “wavelength” obtained.

(c) On the graph label and number the axes so asto give an accurate

description of the original pendulum, given that it has an
amplitude of 10mm.

A A

WIS

(d) Cdculate:
(i) the maximum speed of the pendulum bob and mark two
points where these speeds are in opposite directions.
(i) the maximum acceleration of the bob and mark two points
where these accelerations are in opposite directions.

g
2. (a) f:%\/%
(b) w(= 2nf ):\/%

3. Choose the centre of the oscillation and place a fiducial mark, such
asa pin held in a cork, at that place. Pull the pendulum aside and
count down from 3 to zero each time the bob passes the fiducial
mark, moving in the same direction. As the bob passes this mark on
“zero” dtart the timer and time 20 oscillations. Repeat this
procedure and average your value. Divide the mean time for 20
oscillations by 20 to get a value for the period.

4. Seetext.
5) (a) (i) 0.67s
(i) 11.0cm
(b) (i) 100 mm
(ii) 50 mm
©
A
s 4
ITAVETANETA
?3 10mm
:
i R Y T
3 4 A TUmne s
~o67s
@ maximum speed O maximum acceleration
in opposite directions in opposite directions

(d) () 9.4x10%ms*
(i) 0.89 ms?
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Answering Exam Questions: Simple Harmonic Motion

This Factsheet looks at how to approach A2 simple harmonic motion (SHM) questions. A later Factsheet will look at questions on damped and forced
oscillations. resonance and their applications. By the end of this Factsheet, you should be more confident about:

*  What the examiners want
e The kinds of things you are likely to be asked
e Common mistakes and misunderstandings

Before starting on this Factsheet, you should be familiar with the basic concepts of SHM (see Facisheet 20)

Whatdo you have to be able to do?

Questions will be assessing one or more of the following:

« Understanding of the conditions for SHM

+ Knowing the terminology associated with SHM

» Using the equations associated with SHM

» Understanding energy exchange in SHM

« Drawing and/or interpreting graphs to represent the change with
time of displacement, velocity, acceleration and energy

»  Applying your knowledge of SHM to specific systems. such as the
simple pendulum or mass-spring system

How should you approach revising this topic?

* Likeall topics, some basic factual learning is required - for example,
the conditions and terminology have to be memorised. For many
specifications, the equations, including those for the simple
pendulum and mass-spring system, appear on the formula sheet -
but if they don't, they have to be learned.

¢ Carrying out calculations - once you know the equations - is largely
amatter of practice - so the best approach here is to tackle plenty of
examples.

*  With energy changes and graphs. probably the best approach is a
mix of understanding and leamning: trying to derive these from scratch
in the exam is only for the very confident. but straight rote learning
without understanding is liable to create problems if the question
changes things a little - for example, by changing the starting position
of the object.

Conditions for SHM/ Definition of SHM
This can be in words or an equation, but if you use the equation, you
must define and explain the symbols.

Word definition:

*  The acceleration (or force) is directed towards a fixed centre point.
(or is directed towards the equilibrium position)

¢ The size of the acceleration (or force) is proportional to the distance
(or displacement) from the fixed centre point.

Equation definition:

* a=-kx
where a = acceleration, x is displacement from a fixed centre point
and k is a positive constant

®  the negative sign means the acceleration is directed back towards the
Jfixed centre point.

Exam Hint - There are usually two marks for this question -
allocated according to the bullet points above.
it is probably a better strategy to give the definition in words - as

provided you remember “two marks mean two points” there is
less opportunity to omit something cruciall

SHM equations

Below is a list of equations you may encounter in SHM. Please note:

» There is a variation in symbols used between different boards - stick to
the symbols you are used to!

» For some equations, there is more than one way to express them - again,
this depends on the exam board.

= Some equations are "core" - everyone has to know them. Other
"additional” equations may be useful, but they are not essential unless
mentioned in your specification

Remember to check what is on your formula sheet!

NB: Equations relating to the simple pendulum, mass-spring system and
energy will be dealt with in those sections.

Core equations
a = acceleration x = displacement f=frequency
= time A = amplitude T = period
[and if vou use it, @= angular frequency = 2xf]

NB: If you have never seen the symbol @ in this context - just ignore
the equations involving it! Some specifications use it, but many do
not.

Acceleration in terms of displacement:
a=—2xaffx OR a = —'x

Displacement in terms of time:
x= Acos(27ft) OR x= Acos(ar)
PROVIDED the object starts at a point of maximum displacement

Period in terms of frequency:

2
7':_1_ (and T:i]
f [0}

Additional equations
v = velociry

Displacement in terms of time:
x= Asin(2nft) OR x= Asin(wr)
IF the object starts at the equilibrium position

Maximum velocity:
Vo= 2 -
Vo= 2mA OR voo= w4

may
Maximum acceleration:

a, = (27fFA OR

Velocity in terms of displacement:
v=Rmfyat-x* OR v=4oV A% -x°

Acceleration in terms of time:
a= —2nfFAcos(2aft) OR a= —wAcos(ar)

PROVIDED the object starts at a point of maximum displacement
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Using the equations

The strategy here is similar to that for using equations of motion at AS - you
need to work out which variables you have been given, which variable(s)
you need and hence which equation(s) you have to use.

You may also need to use one of these other useful facts:

E.?——“"— Acceleration is maximum when displacement is maximum
Velocity is maximum when displacement (and acceleration) are zero

Worked Example 1

A toddler in a "baby-bouncer" performs simple harmonic motion
with period 4 seconds. The difference in height between the lowest
and highest positions of the child is 40cm.

(a) State the amplitude and frequency of the motion
(b) Find the maximum speed of the child

(a) Amplitude = 20cm = 0.2m
(Note the figure given is the difference between the lowest and highest
positions - which is double the amplitude)

Frequency = =0.25 Hz

L
T

=21 (0.25)(0.2) = 0.1t = 3.14 ms”’
(Note units - for this answer to be in metres per second, the amplitude
has to be in metres, not centimetres)

Worked Example 2

A particle oscillates with simple harmonic motion of frequency 2Hz.
When ¢ = 0, the particle is at its position of maximum displacement,
and its acceleration has magnitude 3.16ms™

(a) Calculate the amplitude of the motion

{b) Write an expression for its displacement at time ¢

(c) Calculate its speed when it is 0.01m from its equilibrium position.
(d) Find its displacement from equilibrium after 1.1 seconds

(a) We know: f=2 a =316

(Note: we know 3.16ms™ must be the maximum acceleration, since it
occurs when the displacement is maximum.)

We want: A
Since we are given a, it makes sense 1o use the equation involving this:

a = (2nfFA

f=2, so0:
3.16 = (4nfA
A= 3.16/(4nf = 0.020 m.

(b) Since we know it starts at position of maximum displacement, use
x = Acos(2nft)
x = 0.02cos(4nt)

(c) Since we are given x = 0.01, we should use the equation connecting
velocity and displacement:

v=22r fYA? - 57

v =470.022 -0.01

v=0.22 ms’

We don't need the + as we are only
interested in the size of the speed

(d) We are given time and want displacement, so we use x = 0.02cos(4m)
x = 0.02cos(4r x1.1) = 0.0062m

Exam Hint ~ You must always put your calculator in radians
mode when doing SHM calculations.

Terminology
The terminology is not usually the direct subject of a question (i.e.
you are not often asked "explain what is meant by...") but without
knowing what each term means -and using them accurately -it's hard
to gain marks.

Displacement (units - metres) - This usually refers to the displacement
of the object from the fixed centre point. Note that it is displacement,
rather than distance, and hence has a sign associated with it (eg negative

sign = below the equilibrium point).

Amplitude (units - metres) -The size of the maximum displacement
- this is always positive. On a displacement -time graph, it is the
amplitude of the wave.

Period (units - seconds)
The time required for one complete oscillation - the "crest to crest”
time.

Frequency (units - seconds” or Hz)
The number of oscillations in one second

/N

N\
N

Energy exchange in SHM

Questions on energy exchange frequently involve graphs or specific
examples of SHM such as the mass-spring system or simple pendulum;
these will be dealt with fully in the next two sections. However, all
depend on recall and understanding of a few key principles. outlined
below.

1.

[S4

For a particle performing undamped simple harmonic motion,
total energy remains constant.

(a) When the displacement is maximum (i.e. the particle is at
an "end point'), ALL the energy is potential

(b) When the displacement is minimum (i.e. the particle is at
the "centre point"), ALL the energy is kinetic.

(c) Kinetic energy increases as the body approaches the
centre point, and decreases as it moves further from it.

You are likely to have to apply these facts in one of the following ways:

3.

Describing the energy interchange - this basically involves remembering
the above

Given a graph showing how one form of energy (eg kinetic) varies.
sketch a graph to show how the other form (eg potential) varies. This
involves drawing an "opposite” graph, so that where one has a
maximum the other has a minimum etc.

Finding the total energy from some information given to you The
question is likely to give you information about either the speed at the
centre point, or the height at an extreme point - since there is only one
form of energy at these wo places, you can deduce the total energy.

The total energy for a particular case of SHM is proportional
to the square of the amplitude of the motion.

You are likely to be asked to:

4.

Sketch a graph to show how total energy varies with amplitude
Work out the total energy for a different system

Potential energy varies as the square of displacement

You are likely to be asked to:

Sketch a graph to show how potential energy varies with displacement
- this is just a parabola

Sketch a graph to show how kinetic energy varies with displacement
- this is an "upside down" parabola, with the peak where displacement
Is zero

Sketch a graph to show how potential or kinetic energy varies with
time. This comes from the expression for displament in terms of time
- since potential energy varies as x°, and x = Acos(27ft), potential
energy must vary as A’cos’(2nft). This is shown in full in the next
section.

— e
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Specific oscillating systems
1) Simple pendulum

a) The basic set up

A mass is suspended from an inextensible (i.e. non-stretchy) light string
and allowed to hang freely. It is moved slightly sideways. keeping the
string taut, and allowed to swing.

This is SHM to a good approximation providing the amplitude of the
oscillations is small - which means in practice that the angle the mass is
displaced through is not more than about ten degrees.

Exam Hint - If you have to do any calculations with angles,
remember they must be measured in radians.

b) Key equation you need to know and use

T = period

I = length of string

g = acceleration due to gravity (9.81 ms™)

You could also be asked to use formulae for kinetic and potential energy, as
well as the other SHM equations.

‘r‘?‘-—-’:“ The period of a simple pendulum does NOT depend on the
mass of the bob - just on the length of the pendulum.

Worked Example

A small piece of lead of mass 40g is attached to the end of a light
string of length 50cm and allowed to hang freely.

The lead is displaced to 0.5cm above its rest position, then released.

(a) Calculate the period of the resulting motion, assuming it is simple
harmonic
(b) Calculate the maximum speed of the lead mass.

(a) To calculate the period, we use T = Zn\/z
g

So: T=2m ]—0'—’-
0.81
T = 1425 (3sf)

(b) Here we must use conservation of energy - the potential energy of the
mass when it is first displaced is converted to kinetic energy as it
passes through its rest position.

Potential energy lost = kinetic energy gained
mgh = Yam?

0.04x9.81 x0.005 = Yax0.04xv"
v = 0.3]3ms"

2) Mass-spring system

a) The basic set up

A mass is suspended from a vertical elastic spring - it is pulled down or
lifted up and then released. This will be SHM provided the spring obeys
Hooke's law.

Variations:-

* 4 nass is resting on a vertical spring, so the spring starts under

compression

a mass is suspended from an elastic string - this will only be SHM
provided the string does not go slack

a mass is fixed between two horizontal or hvo vertical springs

b) Key equation you need to know and use
T = period
m = mass of object attached to spring

m
T=2m,|—
\I k .
k = spring constant

Of course. you may also need to use the other SHM equations

Worked Example

A small metal ball of mass 50g is attached to the end of a spring and
allowed to hang freely. It is pulled down by lem and then released.
It performs simple harmonic motion with frequency 20Hz.

(a) Calculate the spring constant

(b) Explain how the the total energy of the ball would be changed if
it was pulled down by 2cm instead of by 1cm.

(c) Describe the point at which the kinetic energy of the ball is a
maximum

’m
(a) To calculate k, we have to use T=2r 7\‘

We are given m, but not given T. 1
But we can work T out by using T = ra

T=1/20 = 0.05s

. 10.05
S00.05= T o
0.05
0.007958 = \ 3
0.05
6.333=

k = 790Nm (3sf)

(b) Since total energy is proportional 10 A%, if A is doubled, total energy
is multiplied by 4

(c) This is the equilibrium point - L.e. the position at which the ball hangs
before it is disturbed

Typical Exam Question

A mass of 0.02kg is attached to an inelastic string of length L

1t is displaced slightly so that it performs simple harmonic motion,
with one complete oscillation every two seconds.

(a) Calculate the value of L.

(b) Explain the effect on the period of the motion if a string of 16
times this length were used

(c) An identical mass was connected to a spring and displaced so it
performed SHM of frequency 5Hz. Find the spring constant.

VN L6] =

W00 = A£91£0°0)

(V2O OINLT =20 S
zo=H1=1 (9)

Spu0Ias 01 asDa4oul [j1m pouad 2y 05
# £q payydupmu s1 TN ‘9 £q pandipmu s 747 (q)

w660 = T

19°6/T = A%/1)

(18'6/TN¥T = S
7=1 (v)

—————————————————————————  —————————
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Graphs in SHM

This section gives all the standard graphs you are likely to be asked. and
includes some key facts about them. Anything you are asked to draw is
almost certain to be one of these or a minor variation: the main difference
is likely to be the "starting point” (i.e. whether the oscillator starts at an
extreme point or a centre point).

Displacement, velocity, acceleration and energy against time

displacement  g,nlinide period

N /\"“’/‘

\// X \/ "
velocity
max |__
velocity /\ A
time

\/

acceleration
max
accn

\/ \/

/7\\/ /\\/ /\\ -~
potential energy

/ // \/ \ /
kinetic energy

/\ \ /\ a \
] \\ // \\ ,/ \// \J |

Points to note:

These are all for an oscillator starting at the point of maximum displacement.
For one starting at the centre point, start the graphs at the point marked X.
For one starting at negative maximum displacement (eg below equilibrium
point), start the graph at the first displacement minimum)

time

*  Asalways, the velocity is the gradient of the displacement-time
graph. and the acceleration is the gradient of the velocity-time graph

* Displacement, velocity and acceleration graphs are sinusoidal

* Energy graphs are like sin’t or cos’t

* The velocity is 90° out of phase with the displacement

* The acceleration is 90° out of phase with the velocity, and 180° out
of phase with the displacement

* The potential energy is maximum when the displacement is
maximurm or minimum

* Thekinetic energy is maximum when the velocity is maximum or
minimum

Physics Factsheet

Potential and kinetic energy against displacement
energy

Potential
energy

Kinetic

/ energy
A\
A

) displacement

Potential and kinetic energy against velocity
energy

Kinetic
energy

Potential
energy

velocity

-y

nmay utal
Points to note:

These apply for any SHM

® All the curves are parabolas

® The sum of the two types of energy is always constant

® The kinetic and potential energies swap positions in the graph
against velocity (kinetic energy is maximum when velocity is
maximimum, which is when displacement is zero)

Total energy against amplitude

energy

amplitude

Points to note:
This applies for any SHM

® The curve is a parabola

* It also shows how the maximum kinetic energy (or maximum
potential energy) varies with amplitude

Exam Hint - Skelching graphs.

If a question asks you to "sketch” rather than ‘plot" a graph, it
means that you do not have to do it on graph paper, or plot a lot of
points in detail. It does NOT mean that you can draw it anyhow!
You need to:

® use a ruler for axes
® Jabel axes and curves
® ensure any curves are smooth

® mark on any important values on the axes (eg amplitude,
wavelength)
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Practice Questions

1. A mass of 20g is attached to a spring with spring constant 200 Nm!
The spring is suspended so that the mass hangs freely.
The mass is then pulled down a distance A below the equilibrium
position.

[SSE000°0 BUIALS ‘v AQ PapiAlp A810ua [B10] 08 *paaley apmrjdwy (9)
2710070 = A81oua 101,

(papaau w01 u015124102) (U1 ONTO QA= Aums=KB1aus 0], (p)
WOCHC S[9ART 1 0S
u10d 51)U30 MO[3q WI £ 0} 2A0QE WO WOIJ $308 SSBW 3y} 0§
(2powt SUPIPDL Ul 5q 1SN JOIDJNIDI 410K JOU)
WaEyg- = ((€°0) Lp)SOOE =X ‘0 =7 UYM

(w2 up s1x) (QUp)S00¢ = (YUZ)soo Yy =x (9)
FUINGTE =Y

Cz00)pET =§'0 05 (yupuT=1 Q)
$2.412U1 OJU1 2SUVYD O]
&IDSS2220UN S W fO SHUN YISUB] POY Y PUD A 110G 22U1S JUI) JION
s¢'o st pouad oS

zH g=/o0udy (Mg =uglos Wug= 4 () ¢

(a) Draw graphs to show the variation of displacement, velocity and
acceleration with time, using the same time scale on each graph.

(b) Draw a graph to show how the maximum kinetic energy of the
mass varies with the distance A.

(c) Find the time after it is released at which the mass first reaches the
equilibrium position again.

1uiod 2131U30 Ay) 0] SUINJSI SSBW SE UlESE
019 0] §3sE2192p Uay] ‘Juawade|dsip wnuixew Jo juiod sayoeal
SSEW Uaym WNWIXEW B 0) SISE3IOU] ‘0IaZ JB SUE]S A51aua [erjuslod
"ju10d 211u20 2Y3 0] SUINISI SSBW SB WNWIXEW
® 0] UIESE sasea1ou] uay) ‘Juswade[dsip wnwixew Jo julod sayoeal
SSEUW USYA\ OIAZ 0] SUI[02P ‘WNWIXEW € JE s}Iels A5Ioua djaury
aBueyo J0u saop A519u3 16101, (D)
pu0das | = paimnbai awiy 0§
SpU0dasS ¢ = Y] = I
(uoneqioso 1ad 201m] Juiod 313U Y] SIISIA 11 J]OSINOA S0UIATOD
01 syde13 ayl 1e J0O0]) UONE[]10S0 2INUS UE JOJ Wil Ayl Jey St siyy, (o)
=SW £61°0 = (Z00)[(5°0) xz]= y:(ug) =" 5 (1)
1SW 87900 = (20'0)(§°0) 1T = Vfuz =" (1) (Q)
[ a8ed uonuijep plom 32§ () 7

2. (a) State the conditions necessary for a mass to undergo simple
harmonic motion

A mass performs simple harmonic motion with frequency 0.5Hz.
The amplitude of the motion is 2cm.

(b) Write down
(i) the maximum speed
(ii) the maximum acceleration
of the mass

A student starts a timer when the displacement of the mass from the

. Lo $/C10°0 = pa1nba1 awi o
centre point of the motion is zero. LE10°0=pall nos

S8790°0 = (00T/COOUT =L

(unpuz = [ Buisn

‘pourad a3y Jo
1211eNb QU0 “2°1 - UOHB[[19SO 211U UE 10J W ay) JO 1ouenb auo st sy, (o)
+ a5ed uo ydeis 2ag (q)

(c) Find the time when the mass is next at this position
(d) Describe how the potential. kinetic and total energy of the mass

have varied during this time.

3. A particle performing SHM has maximum displacement from its
centre point 3cm and maximum speed 121 cms™

(a) Calculate the period of the motion aumn

/ ‘\ /r
(b) Given that the particle has mass 20g and is oscillating suspended / \\_//
from a spring, find the spring constant.

[{RARTERR

(c) A timer is started when the mass is at its highest point. Find the

distance it has travelled after 0.3 seconds. /\ /-\
(d) Calculate the total energy of the particle / \\ /’/ \

aum :

(e) If the amplitude of the motion was reduced to {.5cm, what would A /

be the new total energy of the particle? \/

A110079A
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Damping in Oscillations

1. Properties of the Damping Force

Many different models of the damping force have been proposed,
but you will mostly only have to deal with viscous damping (and
the word “viscous” is frequently -omitted)

h Characteristics of the damping force are:

(a) its magnitude is proportional to the magnitude of the velocity
of the oscillating body
(b) it acts in a direction opposite to that of the velocity
(c) it causes kinetic energy to be transformed into other forms
(generally heat)
(a) and (b) may be expressed as:
damping force e« — (velocity)

or  damping force = —¢(velocity) where ¢ is a constant
or F=-cy

Exam Hint:- You may be asked to identify properties from a
multichoice list, or to provide a list of properties. The three
| properties given above are the primary properties of a damping
force.

U A

Typical Exam Question: Example 1

Which of the following statements always applies to a damping
force acting on a vibrating system: ‘
(a) Tt is in the same direction as the acceleration

| (b) It is in the opposite direction to the velocity

(c) It is in the same direction as the displacement

(d) It is proportional to the displacement

Answer: (b) enly

When answering questions on -oscillations, it is very helpful to
initially identify when they are referring to free vibrations, and when
they are referring to forced vibrations, (even though this is not
always made clear). So here is a brief outline of the characteristics
of each.

2. Free Vibration

h Free vibration arises when the system is displaced from
its equilibrium position and then released. The only forces
acting on the system after release are those generated by the
| elements of the system i.e. springs, dampers and mass.

(a) Free Vibration, No damping
If there is no damping, then the system will oscillate with the
amplitude of the initial displacement (4) at a frequency (f) determined
by the system properties where:

1 1k

I =5 m

k = stiffness,

m = mass

This is often called the natural frequency.

Such oscillation will continue with undiminished amplitude
indefinitely,

displacement

NN R
| T

time

N

T T = time for 1 cycle f=1/T

(b) Free Vibration Damping Exists

If damping exists, and is less than a certain critical value, then the
system will oscillate with an exponentially diminishing amplitude
and at a slightly reduced frequency (longer periodic time). The
frequency is slightly less than the natural frequency given above.

If the damping equals, or is greater than this critical value, then no
oscillation occurs. In either case the body will eventually come to
rest at its equilibrium position.

displacement

W exponent1a1
heavier, just evelope
below critical

damping

Typical Exam Question Example 2
Explain how a free oscillation is affected by the amount of
damping.

| Answer

Points to make:

(a) Damping causes energy loss from the oscillating system

(b) If there is no damping, oscillation continues undiminished

(c) Less than critical damping successively reduces the amplitude
of oscillation in each cycle, until it eventually becomes zero.

(d) Increasing damping reduces the number of cycles needed to
reach the stationary condition

(e) If damping is sufficiently large, i.e. critical or above, then
there is no -oscillation

“
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3. Forced Vibration

h Forced vibration arises when the system oscillates due
to an input from an external agency, i.e. the world outside the
system. This input usually takes the form of an oscillation, or
a sequence of pulses.

In this case, the frequency of the forced vibration is determined by
the “outside agency”. (A force applied at a frequency of 50Hz will
cause the system to oscillate at 50Hz, even if its natural frequency
is different from this.)

The amplitude of the vibration is determined by both the vibrating
system, and the magnitude and frequency of the input. Resonance
may occur when the driving frequency is the same as the natural
frequency of the system.

The behaviour is most easily described by plotting the peak
amplitude of the oscillation against the applied frequency - a picture
known as the “frequency domain” i.e. as in the diagram below.

(a) Forced Vibration No Damping
If there is no damping, then the amplitude becomes infinitely great
at the so-called “resonant frequency”. This is given by:

which happens to be the same as the natural frequency met in free
vibration (indicated by the broken vertical line on the diagram).

(b) Forced Vibration Damping Exists

The effect of the introduction of damping is to:
(a) reduce the magnitude of the resonant peak
(b) change the frequency at which it occurs.

Notice that above a certain ctitical value of damping there is no
resonant peak. Also note that the introduction of damping reduces
the amplitude of the motion at all frequencies but does not change
the frequency — vibrations will still occur at the frequency of the
applied oscillations.

amplitude

Exam Hint

(a)endeavour to understand all the above characteristics of
the two regimes, free and forced _

(b)examine the question and try to deduce with which regime
the question is concerned

(c) endeavour to .apply the facts of these characteristics to the

situation posed by the question

4. Effect of Damping on the Energy in the System

The damping force causes energy to be “lost” by the
oscillating system. Damping force is related to the velocity of
the moving body (see 1 above). Hence energy “lost” is related
1o the velocity of the moving body. If there is no damping, then
no energy is transferred to heat or sound. ‘

.

(a) Free Vibration

Energy is supplied only during the initial displacement. This
is the total energy. Whilst oscillating, energy varies from
potential to kinetic and back.

| No damping: total energy remains the same for all time, none
is absorbed.

Damping exists: energy is “absorbed” from the total value,
| which then gradually diminishes, hence reducing the
| amplitude in successive cycles.

(b) Forced Vibration
Energy is supplied by the external agency. It makes up for the
energy which is lost in each cycle due to the damping force.

Typical Exam Question: Example 3

Given the following displacement-time graph for an oscillating
system, show how the damping force varies with time. Also indicate
the point in the cycle when the energy “absorbed” is a maximum,
and also the point where it is zero.

displacement

AN
v

Answer:

1. Sketch the displacement- time curve as given

2. Add the velocity- time curve, remembering, velocity = gradient
of the displacement- time curve

3. Sketch damping force curve, which is proportional to velocity,
but acts in the opposite direction.

4, Energy absorbed is related to damping force.

5 Indicate maximum and zero

(Remember that the damping force causes the energy “loss”,
and the damping force will be greatest when the velocity is
greatest. This will occur when the oscillating body is passing
through the rest position. And there will be zero energy “loss”
when the velocity is zero — this occurs when the displacement is
maximum,)
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Practical Techniques for Damping Oscillations

Damping is primarily a method of absorbing energy from oscillations
for the purpose of controlling or eliminating these oscillations. The
kinetic energy of the oscillation can be transferred to kinetic, heat,
electrical, magnetic or other forms of energy.

The transfer can be achieved through a variety of means — friction,
elastic forces, electromagnetic induction, etc.

Damping

Effect

Other forms
of energy

Energyin
Oscillation

Sometimes we are dealing with resonance situations, sometimes
with more steady oscillations. In this factsheet, we will look at some
example situations where oscillations occur, and how they can be
damped.

Exam Hint: Damping always involves the transfer of energy
away from the oscillator. Look for the type of energy that is
produced in the end (usually heat).

Resonance:

Resonance is a critical type of oscillation where an object oscillates
at its natural frequency with greater and greater amplitude, sometimes
until it destroys itself. These factors are required for resonance to
occur:

() An object must have a natural frequency. It will vibrate at this
frequency when disturbed e.g. a guitar string being plucked.
(b) A “force” applied regularly at the natural frequency. This could

be a mechanical push, or in some cases a varying electrical emf.
(c) There must be a lack of energy loss (damping) from the oscillator,
The energy of oscillation must be allowed to keep increasing.

How can resonance be limited? Sometimes by the natural frequency
changing e.g. a pendulum only oscillates at a fixed frequency for
small oscillations. Or the object might break as the amplitude
increases. But we can often control resonance by introducing
damping into the system.

Exam Hint: Resonance always involved the transfer of energy
from an external source into the oscillator. The amplitude of
the oscillation is directly linked to its energy.

Playground swings

pivot  Pushing a child on a swing is an example of
mechanical resonance. The swing has a natural
L frequency depending on its length.

f= %;V/f?;or small oscillations (measured in Hertz)

If you push at exactly the right time in each
oscillation, the amplitude of the oscillations will
increase. There is little natural damping.

Worked Example 1

(a) Find the natural frequency of a child of mass 20kg on a swing
of length 150cm.

(b) Find the period of this oscillation.

(c) Name two sources of damping in this oscillation.

Answer

1 /9.8 '
(a) f =‘; Tg = 0.41 Hz The mass has no effect (in theory).

O T=Uf=24s
(¢) Air resistance and friction at the pivot. Both are relatively small.

Motors
Many motors or engines rotate at varying speeds while in operation.
Examples might be car engines or variable speed electric motors in
industry.

Depending on the size, shape, and mass of different parts of the
engine, it may have a natural frequency of vibration at a possible
operating speed of the engine. This can also happen at multiples of
the natural frequency.

Worked Example 2

An engine has a natural frequency of vibration of 1000rpm
(revolutions per minute). Find possible angular frequencies of
the engine that could lead to resonance.

Answer

@=2mf =21

1000
X s o T -1
0 103 rad s

(or multiples e.g. 210, 315, 420, etc)

A standard type of damping here is rubber engine mountings. The
mechanical energy of vibration is transferred to heat energy through
friction and the hysteresis.effect in rubber. The vibrations are limited
and the engine doesn’t shake itself apart.

rubber mounts

l Q enginerotating

Fixed base |

———————————————— e
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Car Suspension

Damping does not always have to be involved with resonance. If a
car had no suspension system, there would be a sudden jolt
whenever the car hit a bump in the road.

vertical
motion

> time

To make the ride safer and more comfortable, springs are introduced
into the suspension. The sudden jolt now sets up a more gentle
oscillation.

S
vertical

motion

3 time

However these extended oscillations themselves are annoying and
affect the handling of the car. Shock absorbers in the suspension
system damp the oscillatory motion, changing kinetic energy into
heat.

vertcal
motion

i

1
___l,/\/\___—

i

i

1

I

} time

The oscillations are quickly eliminated.

How do these shock absorbers work?

I ﬁ upper mount
= i—: rpiston

——hydraulic fluid

Simply, as the upper mount moves
up and down, hydraulic fluid is
forced back and forth through the
tiny holes in the piston. There is a
great deal of turbulence and friction.
The motion is restricted and kinetic
energy is transformed into heat.

Olower mount

Worked Example 3
Traditionally large American cars have much less damping than
sports cars. Can you suggest a reason?

Answer:
More damping gives a “harder” ride. However the car holds the
road better with fewer oscillations and less leaning on bends.

Moving coil meters

This is in some ways similar to the situation with the car. Resonance
is not involved, but sudden motion causes an unwanted oscillation.
The magnetic force (when a current is applied) is opposed by a
spring in the meter. The spring sets the needle of the meter oscillating
about the correct current reading. Many seconds could pass before
the needle settled down to display the reading.

Pbysics Factsheet

> time

However we can increase the damping by winding the coil onto a
metal former. As the coil moves across the magnetic field, eddy
currents are induced in the metal former. Kinetic energy is transferred
to electrical energy in the eddy currents. Joule heating causes this
energy to end up as heat.

If we transfer kinetic energy too quickly into electrical energy, it
takes too long for the meter to reach the correct reading.

Overdamping

current
reading

? time

If we design everything optimally, then the needle gives the correct
reading quickly and accurately.
Critical Damping

current
reading

y time

The idea is very similar to the car suspension system, but KE is
transferred by e.m. induction rather than friction.

Exam Hint: In every case, damping is achieved by changing
kinetic energy in the oscillator into some other form of energy.
Keep clear in your mind the difference between the means of
damping e.g. friction, and the energy transfer e.g. kinetic to
heat.

Worked Example 4
A galvanometer is overdamped. Suggest a way of redesigning
it to decrease the damping.

Answer

Use less metal in the former holding the coil. Or perhaps use
metal of a different resistance. There are many ways of altering
the strength of the damping.

The Millennium Bridge

The Millennium Bridge opened in the year 2000 in London. However
it swayed so much when crowds walked across it, that it was closed
to the public until major strengthening work took place. The culprit
was resonance.

e ——————————————————————————————— Y ——————————————————————————
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The bridge swayed slightly as people walked along it. This was
expected. However this caused the pedestrians to step slightly side-
to-side in order to keep their balance. As they all did this in time
with each other, more and more sideways kinetic energy was
transferred to the bridge and the oscillations became bigger and
bigger. Resonance was occurring,.

How was this cured?
By a number of techniques including shock absorbers (as used in
car suspensions) on the shoreline.

shock Deck shock
absorber - P absorber
e—% \Q\A
- Shoreline -

As the bridge oscillates from side-to-side, the shock absorbers
transfer kinetic energy to heat energy, reducing the oscillations to
an acceptable amplitude.

Earthquake resistant buildings

Worked Example 5
Here are two buildings with different natural frequencies.

Which one is at risk from earthquakes?

The answer is that both are at risk. Earthquake vibrations arrive
with a range of frequencies. Many buildings will be in danger of

resonance occurring at their natural frequency.

Obviously buildings in earthquake zones should be built more
strongly in general, but there are also techniques used to damp the
oscillations. In every case, the dampers are designed to transfer
kinetic energy from the oscillations into another form (usually heat).

Types of dampers used are:

(a) Metallic dampers: These are metal braces designed to distort,
then permanently deform during oscillations. This transfers
kinetic energy to heat.

(b) Friction dampers: These have moving parts that slide over each
other as the building oscillates. This friction transforms kinetic
energy to heat.

(c) Viscous fluid dampers: These again are like shock absorbers in
cars. As the building oscillates, kinetic energy is again
transformed to heat.

As the building twists clockwise, the diagonal shown increases.
Then as the building twists anticlockwise, the diagonal decreases.
The piston in the fluid damper (shock absorber) moves in and out.

Exam Hint: Notice that all three methods result in the kinetic
energy being transformed into hear. We spend a lot of time

talking about heat as a form of waste energy. Transforming
energy into heat can often be a valuable tool e.g. car brakes.

Practice Questions:

L

™

L

amplitude

oscillation

A wall clock is driven by a pendulum of length 75cm.
(a) Find the natural frequency of the pendulum.
(b) How many times would it oscillate in one day (24hr)?

The steering wheel of my car vibrates as the car passes through

20mph.

(a) What is occurring here?

(b) How could you tell if the driving force for the oscillations
came from the rotation of the engine or the wheels?

(c) Suggest ways of reducing the problem.

Why should tall buildings have a lower natural frequency than
shorter buildings?

Assume that a damped oscillator loses the same proportion of
its energy of oscillation in equal time intervals. If a particular
oscillator has 90% of its energy left after Ss, what proportion
will be left (a)after 10s? (b)after one minute?

Look at this relationship between amplitude and driving
frequency for an oscillator.

~

£
:
{
H
£
¥

No damping

Heavy damping

Driver frequency
(a) What occurs with no damping when the driver frequency
matches the oscillator’s natural frequency?
(b) Name three results of increasing the damping.

Answers

1.

@ f 1

5; = =0.58 Hz

8
L
1 . (24 x 60 x 60

(®) T="=1.72s ,in one day 1755._0—2—5)6?

(2) Resonance.

(b) Try driving at the same speed in a different gear (different
engine speed). If the vibrations don’t occur, the engine is
the likely source.

(c) Tighten the fixings for the steering wheel to reduce the
oscillations. Clamp rubber or felt in the fixings to absorb
energy. Ride a bicycle instead.

oscillations

Think of the buildings as inverted pendulums. A longer pendulum
oscillates more slowly. With the buildings the restoring forces would
be tension rather than gravity, but the effect would be the same.

(a) 0.90 remaining after 5 seconds. So has 0.90° = 0.81 or 81%
remaining after 10s.
(b) After 60 seconds, has 0.90?* = 0.28 or 28% remaining.

(a) Resonance
(b) Broader peak, lower amplitude at all frequencies, frequency
of maximum amplitude oscillation decreases.
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Specific Heat Capacity and Specific Latent Heat

Heat Energy

When an object is either supplied with heat energy, or it |loses heat energy,
there are two possible consequences for the object, a change in its
temperatur eand achange of state (fromliquid to gasfor example). This
factsheet is concerned with understanding and describing these two
consequences of heat energy transfer.

The symbol used for heat energy is Q.

’,-=“ The two consequences of a changein heat energy:
Changes in the heat energy of an object can lead to a change in
temperature of the object, a change of state of the object or a
combination of both of these things.

* Ifanobjectisheating upit hashad anincreasein heat energy
and it is said to have had a positive changein heat energy
Q will be a positive number.

® Ifanobjectiscooling down itsheat energy is decreasing and

it issaid to have had a negative changein heat energy
Q will be a negative number.

SpecificHeat Capacity—changesintemperature.

From everyday experience of heating substances, such as heating up water
for a cup of coffee, it is easy to believe that the more heat energy that a
substance receives, the larger its temperature rise. In fact accurate
experimentswould show that if you double the amount of heat energy that
you giveto amaterial, you would doubletheincrease in temperature of the
substance. A graph of temperature rise against energy supplied would be
astraight line through the origin, as shown below.

temperature rise

heat energy supplied

This shows that temperature rise and heat energy supplied are directly
proportional to each cther.

The symbol for temperature rise is A6. (The 8 symbol represents
temperature and the A symbol represents a change.) An increase in
temperatureis given apositive value.

Mathematically we can expressthat changein temperatureis proportional
to the heat energy supplied as follows:
AB<Q

Similarly, it is easy to understand that if you take greater and greater
masses of a substance and supply each masswith the same amount of heat
energy, they will have smaller and smaller increasesin temperature. This
can be seen through every day experience aswell; akettle may boil acup
full of water in afew minutes, but if the kettleisfull of water and you still
only switch it on for a few minutes, the water may only be lukewarm.
More accurate experiments revea that if you double the mass of the

material being heated, youwill only get half thetemperatureriseif the same
amount of heat energy is supplied. A graph of temperature rise against
mass of material would look like the following:

temperature rise

mass

This type of relationship shows that temperature rise is inversely
proportional to the mass of the material being heated. Mathematically, we
can express that temperature rise is inversely proportional to the mass of
materia being heated as:

AB o 1
m

OF'=W Thefactors affecting the temperaturerise of a material.
Asthe heat energy supplied to a constant mass of material isincreased,
the temperaturerise of the material increases.

® Energy supplied and temperaturerisearedirectly proportional.
Asthemass of a material increasesthe temperaturerise decreasesfor
a constant amount of energy supplied.

* Massof material and temperatureriseareinversely proportional.

The two proportionalities given above can be combined into one:
A0 Q
m

This combined proportionality can be turned into an equation by inserting
a constant of proportionality, c.

cag= Q
m

The constant of proportionality ¢ is known as the specific heat capacity.

=

Definition of specific heat capacity
Soecific heat capacity isthe amount of heat energy needed to increase
the temperature of 1 kg of the material by 1 °C.
c= Q
mA6

¢ = specific heat capacity (Jkg*°C?)

Q = heat energy supplied (J)

m = mass of material being heated (kg)
A0 = increasein temperature (°C)

Typical exam question

An immersion heater isto heat 50kg of water contained in a copper

hot water tank of mass 12 kg.

(a) Calculatehow much energyisrequiredtoincreasethetemperature
of the water from 20°C to its boiling point.(2)

(b) What assumption haveyou madein thecalculation for part (a)? (1)
Specific heat capacity of water = 4200 Jkg1°C*

(a) Increaseintemperature, A0 = final temperature—initial temperature

=100-20=80°C
Heat energy supplied, Q= mcA8 = (50)(4200)(80)v" = 16,800,000Jv'

(b) That none of the water has evaporated v/
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Exam Hint: - Don’'t be concerned when your answersto calculations
seemtobelargenumber sfor theamount of heat ener gy needed for heating

up materials such as water. It requires lots of energy to increase the
temperature of some materials.

Specificheat capacity and coolingdown

The equation for specific heat capacity is not confined to heating up
materials, it can also be used when materials cool down. Itisimportant to
remember that when amaterial is cooling down it islosing heat energy so
the value for heat energy supplied, Q, will be negative. Similarly, the
temperature of the material will be falling, and the value for temperature
increase, A6, will be negative.

O‘% Energy supplied when cooling down
When a material is cooling down its total amount of heat energy is
decreasing, and any value for heat energy “ supplied”, Q, will be
negative. This will also mean a negative value for increase in
temperature, A6, asthetemperature of the material isdecreasing.

Worked Example: An oven tray of mass 120g and made of iron istaken
out of the oven and coolsby losing 8,000 J of heat energy. When thetray
isinitially at a temperature of 200°C what will beitsfinal temperature?
The specific heat capacity of iron = 470 Jkg°C*

Arearranged specific heat capacity equation can beused tofind theincrease
intemperaturefor thetray but it isimportant to includethe negativesignin
front of the value for heat energy supplied. Also note how the mass of the
tray has been converted into kilograms before it has been substituted into
theequation.

A6 = Q/mc = (-8000)/(0.12)(470) = -142°C

This has now given us a negative value for temperaturerise, aswe would
expect becausethetray iscooling.

Final temperature = 200 — 142 = 58°C

Specificlatent heat —changesin state

If amaterial isgoingthrough achangeof state, fromsolidtoliquid, liquidto
gas or vice versa, then its temperature will remain constant. The material
will still require heat energy tomelt it or boil it, but the heat energy isused
toalter thearrangement of themol eculesof thematerial. Thespacingbetween
the moleculesisincreased and work is done against the forces of attraction
betweenthemolecules. Similarly, thematerial will alsogiveout heat energy
if itiscondensing or freezing.

Our existing equation for specific heat capacity cannot beused for changes
of state.

The more heat energy that is supplied to amaterial that is changing state,
the more of that material will change. Heat energy supplied, Q, and mass
of material changing state, m, are directly proportional .

Qe m
Onceagain, thisproportionality can be changedinto an equation by inserting
a constant of proportionality, I.

Q=Im

Q = Heat energy supplied (J)
m= Mass of material changing state (kg)
The constant of proportionality, |, iscalled the specificlatent heat and it has
the units Jkg*.

Every material hastwo valuesof specificlatent heat, onevaluefor achange
of statefromasolidtoaliquid, calledthespecificlatent heat of fusion(“fusion”
isanotherwordfor“ melting”), and onevaluefor achangeof statefromaliquid
into agas, called the specific latent heat of vaporisation.

The symbol used for both specific latent heat of fusion and specific latent
heat of vaporisation is|.

== Definition of specific latent heat
Foecificlatent heat of fusionisdefined astheamount of energy required
toturn 1 kg of a solid into aliquid at a constant temperature.
Soecific latent heat of vaporisation is defined as the amount of energy
required to turn 1 kg of aliquid into a gas at a constant temperature.

I =Q/m

| = specific latent heat (Jkg™)
Q = heat energy supplied (J)
m = mass of material changing state (kg)

’F—w Gaining and losing heat energy when changing state
* Ifasubstanceischangingfromasolidtoaliquid or fromaliquid
to a gasthen heat energy isbeing supplied to a substance and Q
ispositive.
* Ifasubstanceischanging fromagastoaliquidor aliquidtoa
solidthenitislosing heat energy andtheheat energy*“ supplied” ,
Q, isnegative.

Typical exam question
A kettleis filled with 2.0kg of water.
(@) Calculate how much energy is required to increase the
temperature of thewater from 20°C to boiling point, 100°C. (3)
(b) If thekettleisleft running sothat it suppliesanother 12000J of
ener gy, how much of thewater will have evapor ated and tur ned
from aliquid into a gas.(2)
specific heat capacity of water = 4200 Jkg'°C*
specific latent heat of vaporisation of water = 2.3 x 10° Jkg™*

(@) Changeintemperature, A6 = final temperature—initial temperature
=100-20=80°CV

Heat energy supplied, Q = mcA6 = (2)(4200)(80) v* = 672,000 v/

(b) Massevaporated, m=Q/I=(12000)/(2.3x10° v'=0.0052kg= 5.2g v’

Qualitative (Concept Test)

(1) What arethetwo possibleconsequencesof heatingor cooling asample

of material ?

(2) (a) If different masses of the same material are supplied with equal
amountsof heat energy, how will the temperatureincrease depend
on the mass?

(b) Sketch agraph of temperature increase against mass.

(3) Define specific heat capacity as an equation and in words.

(4) What happensto the temperature of a substance asit changesfrom a

liquid to asolid?

(5) Define, in words, the specific latent heat of vaporisation.

(6) What isthe difference between latent heat of vaporisation and latent

heat of fusion?

Quantitative (Calculation Test)

(1) What isthe specific heat capacity of aluminium if it takes 18,200 J of
energy to increase the temperature of a5.0 kg block of aluminium by
4.0°C?(2)

(2) How much heat energy will be supplied to 1.5kg of water when it is
heated from 20°C to 80°C? (2)

(Specific heat capacity of water = 4,200 Jkg*°C*)

(3) How much heat energy will be given out by ablock of copper with a
massof 2.0 kg, which iscooling down from 150°C to 20 °C? Specific
heat of copper = 390 Jkg*°C? (2)

(4) How much heat energy will haveto be supplied to melt 0.50kg of ice?
Specific latent heat of fusion of ice = 330,000 JKkg. (2)

(5) (a) Whatisthetotal amount of energy needed to heat up acopper kettle
of mass1.5kg, from 20°Ctoboiling. Thekettleisfilled withwater
of mass 2.5 kg.(5)

(b) Give 2 assumptions made in your calculation.(2)

_—, e—
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Exam Workshop Quantitative Test Answers

Thisisatypical answer that might might be given by a weak student (1) c=Q/ mAd = (18,200)/(5)(4) = 910 Jkg'°Ct.

in an examination. The comments explain what is wrong with the (2) Q= mcA6 = (1.5)(4200)(80-20) = 378,000

answers and how they can be improved. The examiner’s answer is (3) Q= mcA6 = (2)(390)(20-150) = -101,400J. Note the answer is

given below. negative, showing the copper block to be cooling.
(4) Q=ml=(0.5)(-330,000) = -165,000J. Note theanswer isnegative
Thegraph below showshow thetemper atur eischangingover aperiod showingthat theiceisgiving out ener gy and not being suppliedwith
of timefor 25g of water that isbeing cooled, turned intoice, and taken it.
to a final temperature of -4°C. (5) (a) Energy neededto heat upwater = mcA6= (1.5)(4200)(100-20)
5 =504,000J
4 ) Energy needed to heat up kettle= mcA6 =(2.5)(390)(100-20)
o) regionA =78,000J
S 3 - Total energy needed = 504,000 + 78,000 = 582,000 J
2 2 (b) The copper heats up to the same temperature as the water.
% i Thereisno energy lossto the surroundingsof the kettle such asair
= 1 ) and the surface that it stands on.
“g regionB
50 ‘ ‘ ‘ ‘ ‘ 1 Time (minutes
S_ 1 10 20 30 40 50 6 70
§ -2 regionC
-3 4
-4

For this question you will need to know:
specific heat capacity of water = 4200 Jkg*°C;
specific latent heat of fusion of water/ice = 3.3 x10° Jkg™.

(@ Inwhichregionofthegraph,A,B,or C,isthewater changinginto
ice? Q)
cx 01

Inregion C the water has completely turned to ice and has started to
cool further. Thetemperatureof all material sremainsconstant asthey
changestate. Thestudent shouldbelookingfor theregionof thegraph
where the temperature does not change.

(b) How much heat isextracted from the water to cool it duringthe
first 20 minutes of the graph? 2
Q = mcAB = (25)(4200)(5) ¥ = 525,000J % 0/2

The student has used the correct equation for specific heat capacity
but hasnot converted thevaluefor massintokilogramsandthevalue
for time must also be converted into seconds.

(c) How much heat energy is extracted from the water during the
time that the temperature remains constant at 0°C?  (2)
Q= m = (25)(3.3x 10°) ¥'= 8,250,000] v ecf 22

Thestudent hascorrectly used theequation but withthesamemistake
inthe units of mass. This mistake would probably not be penalised
asecond timein the same question.

(d) If atotal of 210J of energy are extracted from theicein thefinal
10 minutes shown by the graph, calculate the specific heat
capacity of ice. 2

¢= Q/MAG = (210)/(25)(-4) = -0.21 JkgoCX 02

Thestudent hasnot giventheheat removed anegativesign (asenergy
hasbeenextractedfromtheice). Thishasgivenanincorrect negative
answer, which is also a thousand times too small because of the
recurring mistake of quoting massin ginstead of kg.

Acknowledgements: ThisPhysics Factsheet wasresearched and written
by Jason Slack.
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Molecules, Moles and Mass

This Factsheet focuses on questions and calculations about gases.
This includes the Ideal gas equation and kinetic theory and covers
molecules, moles, kinetic energy of a gas particle and rms velocity.
There are several common mistakes which will be explained.

Ideal Gas Equation and the Mole

The equation of state for an ideal gas is given by pV=nRT, otherwise
known as the Ideal Gas Equation. The pressure, p, the volume, V
and the temperature, T are obvious from their symbols. The Molar
Gas Constant, R is 8.31J/K/mol. The number of moles of gas, n,
needs more explanation. .

When you breathe in deeply, your lungs contain around 6 litres of
air (depending on your size and other factors). These 6 litres of air
consists of approximately 1.2x10% individual particles: mostly
molecules of nitrogen, oxygen and some carbon dioxide. A mole
represents 6x10* individual particles: either atoms or molecules.

This means our lungs contain around 2 moles of air, a much more
down-to-earth figure. The exact number is based on carbon-12, If
you have exactly 0.012kg of C-12, you have 1 mole of particles,
which is actually 6.022 x 10%3 particles and known as Avogadro’s
constant (L or N,). One single atom of C-12 has a mass of 12u and
one mole of C-12 atoms has a mass of 0.012kg.

One mole is 6.022 x 107 particles. This number of
particles, atoms or molecules, is known as Avogadro’s constant,

N

A

We can also consider molecules as well as atoms. This is more
useful for gas calculations as gases are more commonly molecular
and not atomic. One molecule of O, has a mass of 32u. Therefore 1
mole of O, has a mass of 0.032kg.

Particle Particle mass (1) Mass of 1 mole
Carbon ‘atom 12 0.012kg
Oxygen atom 16 0.016kg
Helium atom 4 0.004kg
O, molecule 32 0.032kg
CO, molecule 44 0.044kg
N, molecule 23 0.028kg

Exam Hint: In Chemistry, molar masses are given in grams.
For Physics calculations, remember to keep all masses in
kilograms to avoid mistakes.

Example 1

1. What is the atomic mass of Argon (in atomic mass units, not
kg)?

2. What is the mass of 1 mole of Argon gas?

3. What is the mass of 4.5 moles of sulphur dioxide gas?

4. How many moles are there in 0.038kg of carbon monoxide
molecules?

Answers
1. The atomic mass of Argon is 40 u (39.95).
2. One mole of Argon has a mass of 0.04kg.
3. The mass of a single SO, molecule = 32 + (2 x 16) = 64u
I mole of SO, has a mass of 0.064kg
4.5 moles of SO, has a mass of 0.064kg X 4.5 moles = 0.288kg
4. The mass of a single CO molecule = 12 + 16 = 28u
1 mole of CO has a mass of 0.028kg
0.038kg / 0.028kg = 1.36 moles.

Ideal Gas Equation calculations
A sealed container holds carbon dioxide
gas. The pressure inside is 10
atmospheres, the volume of the
container is 200cm? and the temperature
is 30°C. How many moles of gas are
there in the container?

There are three common mistakes that
could be made when answering this
question:

V =200 cm?®
T = 30°C
P = 10 atmospheres

Pressure must be in units of N/m? or Pascals. Volume must be in
units of m? and the temperature must be in Kelvin on the absolute
temperature scale.

Converting the pressure first: One atmosphere is equivalent to
1.013x 10°Nm?or Pa. So 10 X 1.013 X 10°=1.013 X 10°Pa

The volume must be in m>. How do we convert from cm?® to m3?
Picture a box, with sides 1m by 1m by 1m. Each side is 100cm long.
‘To find out how many cm?® there are in the box, multiply 100cm by
100cm by 100cm= 1 x 10° cm® or 1 million cm?®. Volumes are often
given in litres. 1 litre contains 1000cm?, so there are 1000 litres in
1m?.

Volume
ImX Im X Im = 1m?
1m or
100 cm 100 cm x 100 cm X 100cm = 1x10° ¢cm?®
Im
100 cm
Im
100 cm

S0 200cm?/1 X 105cm?® =2 X 10 m?

——-—————-—ﬂ—-—-—
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Exam Hint: It is easy to make a mistake when converting from
cem? to md. If you have 200cm?, the result must be a SMALL
fraction of a cubic metre.

Exam Hint: When using the ldeal Gas Equation the temperature
must be in Kelvin , according to the absolute temperature
scale. OK is equivalent to -273.15°C. 0°C is equivalent to
273.15K. Add 273.15 to any temperature in °C to change it to
Kelvin.

1700 137 | S0 30°C + 273.15 = 303.15K
N 7] pV=nRT
-50 -323 | becomes % = n after rearranging
1.013 XI10° Pa X 2 xX10*w?
0 273 8.31 x 303.15K
‘ = 0.080 moles.
Celsius (°C) Kelvin (K)
termperature temperature
scale scale

Example 2
1. How many molecules were in this sealed container?
2. What is the mass of the gas inside this sealed container?

Answers
1. 0.080 moles x 6.022 X 107 = 4.82 x 10°* molecules.
2. One molecule of carbon dioxide has a mass of :

12 + 2 X 16 = 44u. So one mole is 0.044kg

0.080 moles x 0.044kg = 3.52 x 10%kg

Kinetic Theory
Using the kinetic theory, we can derive a very useful equation:

pV =1/3Nm ;%

This equation links large scale easy-to-measure quantities like
pressure, p and volume, V to small scale quantities like the mass of
a particle, m (in kg), number of individual particles, N, and average

squared speed, 2 .

Exam Hint: The number of moles, n, and the number of
individual particles, N, are VERY easy to confitse. One way to

help remember the difference: n (lower case) will be a relatively
small number, N (capital letter) will be a very large number.

Average squared speed is one concept that people sometimes
struggle with. The N particles in any gas will be travelling with a
range of speeds and every particle has a different velocity, v. This
means that the squared speed for each particle, v?, is also different.
For calculations involving many particles, we use an average of

this squared speed: 1, , units m%= (The reason we are more
concerned with squared speed, rather than speed itself, is because
squared speed is needed for kinetic energy calculations.)

| velocity).

h y2is the average of the
squared speeds of all of the particles in
the gas. This is often known as the vy
mean squared speed. Some textbooks

write this as o2 .

Gas particles travel with
arange of velocities

So, on average, how fast are the particles travelling?

Take the square root of the mean squared speed, ,/F, this

gives a good indication of how fast the particles travel on
average.

1/‘,2 is known as the root-mean-squared-velocity (or rms

A small proportion of the particles will be travelling very slowly;
another small proportion will be travelling very fast. The majority of
the particles will be travelling between these two extremes, If you
look at the distribution of the particles across the different speeds,
it forms a broad hump. This is known. as the Maxwell-Boltzmann
distribution. At higher temperatures, the particles are distributed
across a wider range of speeds.

The Maxwell-Boltzman Distribution

©n

3 cooler temperature

g

B

8

£

g warmer temperature

speed of particle

Kinetic energy
The kinetic theory provides the relationship for the average kinetic
energy of a single particle and temperature of the gas:

l m-\_)? = —?ikT
2

[ ]

The left hand side of the equation is the kinetic energy of a single
particle, The Boltzmann constant, k is 1.38x103JK"! and the
temperature, T, must be on the absolute (Kelvin) scale. This simple
equation gives a whole new explanation for temperature.

The temperature of the gas is directly dependent on the kinetic
energy of the individual particles. This equation tells us that, for
every 1K increase in temperature, the average kinetic energy of the
particle increases by roughly 2x10-J, This is true for any gas
particle: atom or molecule. If you mix Helium atoms with Carbon
dioxide molecules, each of the two different particles will have the
same average kinetic energy. Of course, the masses are quite
different, so one must be travelling much faster on average.
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Exam Hint: The average kinetic energy for each particle in a
mixture of gases at the same temperature is the SAME.
Hydrogen molecules will have the same average kinetic energy
as oxygen molecules when mixed. As their masses are different,
they will have different mean-squared-velocities.

Example 3

1. Calculate the rms velocity of a Helium atom at room
Lemperature.

2. Which molecules will have more kinetic energy in a mixture
of nitrogen and hydrogen molecules at the same
temperature?

3. On average, will the hydrogen or nitrogen molecules be
travelling fastest?

Answers

1. Rearrange lmv_2=3tho give v_2=3—ka-
3 x 1.38x105JK x 293K
4 x 1.661X107 kg

This gives v* = 1.83x10° m?s™.

So \/j—z‘z 1.35x10Pms? or 1.4km/s.

2. As kinetic energy of a single molecule/ atom is given by
3/2kT, the nitrogen and hydrogen molecules will have the
same average kinetic energy.

3, The mass of the nitrogen molecules is fourteen times greater

than the hydrogen molecules, so v* must be fourteen times
greater for the hydrogen molecules. ﬁfor hydrogen
molecules is 3.8x greater than for the nitrogen molecules.

Total Internal energy

Most of the energy within a gas is due to the particles moving
about. In a molecular gas (like CO,), the particles can have energy
through spinning around or vibrating about their chemical bonds.
However, most of the energy is kinetic energy due to the movement
of the particles, which we call translational kinetic energy.

To calculate the total internal energy of a gas U = 1/2Nm.v—2-. This is
simply the product of the number of molecules, N and the average
kinetic energy of a single particle, 1/2mvy? .

Example 4

1. What is the total internal energy of 4 moles of oxygen
molecules at 25°C?

2. How many particles are there in a gas with 25,000 Joules
total internal energy at 600°C?

Answers

1. U=12Nmv* and 1/2mv* =3/2kT so U = 3/2NkT
T= 25+273.15K = 298.15K
N = 4 X 6.022x10% = 2.4x10* particles
U = 3/2 x24x1024 x 1.38x10% x 298.15K = 14.8kJ

2. U = 3/2NkT becomes 2U/3kT = N

_ 2 X2.5x100T 3 S
N= (3 x 1.38x10% x 873.15K) 1.38 x10°** particles

Practice Questions

1. Calculate the rms velocity of hydrogen molecules, oxygen molecules, argon atoms and radon atoms at room temperature.
2. Compare the average kinetic energy and rms velocity of helium atoms and carbon dioxide molecules in a mixture of gases.
3. A cylinder contains gas at 120 atmospheres at 20°C. A warning sign states that the maximum safe pressure is 240 atmospheres. What

is the maximum safe temperature of the gas?
4, What is the average kinetic energy of a particle at 100°C?

g

What is the total internal energy of 1.2 moles of steam at 177°C?

6. The pressure inside a blow-up balloon is 1.3 atmospheres. The balloon is roughly 20cm across. Calculate the volume of the balloon by
assuming it is spherical. How many moles of particles will be in the balloon at room temperature?
7. How many moles are there in 10.2kg of uranium hexafluoride gas? Uranium hexafluoride is a molecular gas, each molecule consists of

one uranium atom and six fluorine atoms.
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Use the most common isotope for each element in your calculation.
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The Gas L aws

This Factsheet will explain:

* how Boyle'sLaw isarrived at experimentally;

e how Charles Law isarrived at experimentally;

e the Kelvin temperature scale;

* how thePressure Law isarrived at experimentally;

¢ how these three are combined into the Universal Gas L aw;
* how to use the Gas Laws to do simple calculations.

Beforestudying thisFactsheet, you should haveanideaof how particlesare
arranged in solids, liquids and gases and know that becausethe particlesin
agasarefar apart they can bepushedtogether easily. Y ou should know that
gasesexert apressure onthewallsof their container by the particleshitting
thewalls. Y ou should know that pressure=force/area. Y oushouldasobe
familiar with the Celsius scale of temperature and the concept of amole of
a substance (you find the moles of a substance by dividing its mass in
grammes by its molecular mass).

Boyl€e' slaw

From your knowledge of how particlesarearranged in agasit should seem
likely that if you decrease the volume of a gas, its pressure will increase,
becausetheparticleswill havelessfartotravel between hittingthewallsand
sowill hitthewallsmore often. It was Robert Boylewhoinvestigated this
effect more carefully using a thick-walled pressure vessel with variable
volume, which could be atered by turning a screw. The pressure was
mesasured using amanometer. He arrived at the result that the pressure of
afixed massof gasisinversely proportional toitsvolume. i.e. if you halve
thevolumethe pressurewill double, provided that thetemperature doesnot
change. Thiscan also be expressed as:

pV = constant

@= BoylesLaw:
For afixed mass of gasat constant temperarure PV = constant

Typical Exam Question

1. 5lof agasisat apressureof 1atmosphere. What will itsvolume
beif thepressureisincreased to 1.5 atmospher e, with no change
in temperature?

pV =constant,so5x1=Vx15

5
V=——-=333
So 15 3.33

2. A gasoccupiesavolumeof 3l at a pressure of 1.9 atmosphere.
What pressurewould reduceits volumeto 1.6 assuming there
is no change in temperature?

pV =constant,s03x1.9=Px 1.6
Sop= 3x19

16 = 3.56 atmos

Charles law

Fig. 1 Apparatusfor investigating thevolume of a fixed massof gasat
different temperatures

Ruler
Thermometer _

Column of air trapper
by a bead of conc.
sulphuric acid

N

| Beaker of water of
0 variabletemperature

Theapparatusshowninfig.1 can beused to find thevolume of afixed mass
of gasat different temperatures. When theresultsare plotted on agraph of
temperature, in °C, against volume, asin Fig.2 a) theresultisastraight line
but it doesnot gothroughtheorigin. Whenthegraphisreplotted to show
the intercept on the temperature axis, as in Fig.2 b) it is found that the
interceptisat—273.16 °C. Thistemperatureisknown asabsolute zero and
it representsthetemperature at which the volume of the gaswould be zero.

Fig. 2 Volumeagainst temperaturefor afixed massof gasat constant
pressure

a
Volume
%L
rK
0 Temperature/°C
b)
22
Volume
-273 Temperature/°C 0

—o—
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Itisvery important torealizethat in extrapol ating thegraphto absolute zero

you are making the assumption that the gas continuesto behave in exactly
thesamemanner. A gasthat doesthisiscalled anideal gas. Inpractice, no
gases behave exactly as ideal gases, but many approximate to ideal gas
behaviour, so the concept is useful.

TheKeévinTemperatureScale

If we shift the origin of the graph to absolute zero, then the graph of volume
againsttemperaturebecomesastraight linethroughtheorigin. Thismeansthat
we can say that volume is proportiond to the new temperature. This new
temperature scale is called the kelvin temperature scale (also the absolute
temperature scale) and isarrived at by adding 273 to the temperaturein °C

Practice Question

1. Give the following Celsius temperatures in kelvin
a) 23°C b) 94 °C c) 120°C

a) 23°C = 23+ 273= 296K
b) 94°C= 94+ 273= 367K
€ 120°C= 120+ 273 = 393K

2. Givethe following kelvin temperaturesin °C
a) 420K h)368K c) 420K

a8 420K =420-273=147°C
b) 368K =368-273=95°C
€ 315K =315-273=42°C

Provided thetemperatures are on the kelvin scal e, we can express Charles
law as:
Vo T

== Charles Law:
For afixed mass of gas at constant pressure

V «« T where Visthevolume

T isthe temperature (Kelvin (K))

Exam Hint: Always remember to use kelvin temperatures for any gas
calculations. The symbol T is used for a temperaturein Kelvin.

Typical Exam Question

The temperature of 1 litre of gasisraised from 10 °C to 20 °C.
What will be its volume at the higher temperature, if the pressure
is kept constant?

Ve T,s0 ¥isconstant.

.
83 293
_ 293 _
V= Sg3 =104

ThePressurelaw

So far we have considered:

» afixed massof gasat constant temperature and found arelationship for
pandV

» afixed massof gasat constant pressure and found arelationship for V
and T

Not surprisingly, thereisalso arelationship between p and temperaturefor
afixed massof gasat constant volume. Thisisknown asthe Pressurelaw.

Plotting p against temperature in °C for a fixed mass of gas resultsin an
intercept onthetemperatureaxisof —273.16, just asfor VV agai nst temperature.
So using temperatureon thekelvin scal e appliesto the Pressurelaw aswell.

O;z: The Pressure law: p
For a fixed mass of gas at a constant volume: T constant

Typical Exam Question
The temperature of afixed volume of gas at a pressure of 2.0 x 10°
Pa isincreased from 23°C to 37°C. What will bethe new pressure?

p
? = constant, so

20x10° _ P

296 310

_ 20x10°x 310

= 5
296 21x10°Pa

ExamHint: Youmayfindvolumesquotedinlitresor m?, pressuresquoted
inatmospheresor pascals(Pa) —1 Pa= 1INm?. If youareusing Boyl€e's
or the Pressure Law, just leave it in whatever unititisgivenin.

The ldeal Gas Equation.

Thethree gaslaws can be combined into asingle equation, which can cope
withachangeinmorethan onevariableat once. Thiscombinationisknown
astheideal gasequation. It can be stated as:

‘_?_Ll = constant for 1mole of gas

The constant for 1 mole of gasis known as the molar gas constant, R and
has the value 8.3 JK-*mole?

If thereismorethan 1 mole of gasthen we need to multiply by the number
of moles.

Thefina statement of al thisinformationis: pV=nRT, wherenisthenumber
of moles.

@p== Theideal gas equation:

pV=nRT Where p= pressureinPa,
V = volume in m?
n = the number of moles of gas
R = the molar gas constant
T = the temperaturein kelvin.

Exam Hint: Inusing theideal gas equation, it does matter which units
you use. When the pressureisin Pa the volume must be in m*and the
temperaturein K otherwise Rwould not be 8.3 JK-'mol L.

_—, e—
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ExamWorkshop

This is a typica poor student’s answer to an exam question. The
comments explain what iswrong with the answers and how they can be
improved. The examiner’ smark schemeisgiven below.

a) State and explain the ideal gas equation. [2]
pvV=nRT vx 12

Although correct, thisisinsufficient for both marks. Thecandidate
should have explained the meaning of thetermsand stated that this
isforanideal gas.

b) Explain why it isnecessary, when using the gaslaws, to express
the temperature on the kelvin temperature scale. [2]
Because it won't work otherwise. xx 0/2

Thishasnot answered thequestion. Theexaminer islooking for
an understanding that for proportionality, the graph must be a
straight line, through the origin, so the origin must be shifted to
where the graph cuts the temperature-axis.

¢) Thevolume of a balloon containing gasis 0.4l at atemperature
of 15°C, and a pressureof 101kPa. What will bethenew volume
of theballoon, if thetemperaturerisesto 25°C and the pressure

decreases to 95kPa? [3]
Y~ constant

T = constan

so 101x04 _ 95xV

15 25
101x0.4x 25
= —"—=—= = v
Y, 1595 6396.71 x x 13

The candidate is using the correct method but, despite the gentle
reminder in part b) ghe has forgotten to convert the temperature
into K and hasthen made a calcul ator error by multiplying by 95,
instead of dividing by it. The candidate should realizethat thisis
not asensible figure for the answer and check his’her work.

Examiner’sAnswers

a pv= ‘ﬁRTwhae p = pressureinPa, V= volurr‘g inm?
n = number of molesof gas, R = universal gas constant,
T = temperaturein K.
Thisistrueonlyfor gaseswhich approximatetoideal gasbehaviour.

b) Thetemperaturesmust beinK because, for proportionality, theg‘r/aph
must bea straight line, through theorigin. Thishappensfor volume
and pressure, only if the origin is shifted to where the volume or
pressure line crosses the temperature axisi.e. —273 °C.v’

g F}—V = constant
o 101x04  95xvY
288 - 298
ooy
o 101x04x2087

(288 x 95)

Typical ExamQuestion
a) State the conditions under which p, the pressure of a gas is
proportional to T, the absolute temperature. [2]

b) A bottle of gas has a pressure of 200 kPa above atmospheric
pressure at a temperature of 0°C.
Theatmosphericpressureis102kPa. Calculatethenew pressure
in the bottle when the temperature risesto 25°C. [3]

¢) A massof gasisat apressureof 100 kPaand atemperatureof 24°C.
If it occupies a volume of 10litres, how many moles of gas are
present? Take R=8.31 Jmol* K [3]

a) pisproportional to T for afixed massof gasv”, which approximates
sufficiently closely toideal gasbehaviour. i.e. at low pressurev’

b) p=302kPa v, T= 273K
New T = 298 K

32 = P ¥
273 298
302 x 298

P= —H573 = 329.7kPa v’

¢ pV=nRT
100kPa = 100 x 10°Paand 10| = 10 x 10°3m? v
100x 10°3x 10 x 10° = nx 8.31 x 297V

1000
N= g3Tx 297~ 04 molesy
Questions
1 Thetablegivesvolumes of afixed mass of gasat various pressures.
volumellitres 12 6 4 3 24 2
pressure/Pa 1 2 3 4 5 6

a Plotagraphof pressure(p) againstvolume(V). Plotponthex-axis.

b) Thisgraphlookslikeay= %graph, suggestingthat Visproportional
to % to confirm this plot agraph of V against % .

€) What feature of the graph confirmsthat V is proportional to % ?

2. Two gas canisters contain different gases, but they are at the same
temperature, pressureand volume. Usetheideal gasequation to show
that each canister contains the same number of molecules.

3. A gascanigter containsamassof 64g of oxygen at apressureof 105 kPaand
atemperature of 22°C. What isitsvolume? [Take R = 8.3JK*mol?,
relaivemolecular massfor oxygenis32]

_—
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Answers ¢) The graph is a straight line through the origin, this confirms V is
proportional to 1/p.
1. a) V' N
13 2. Theideal gaseguationispV = nRT. If p,Vand T areall equal for thetwo
12 gases, then each must contain the same number of moles, since Risa
universal constant. |f each gashasthe same number of moles, then each
11 \ has the same number of molecules.
10
\ 3. Sincethere are 64g of oxygen, the number of molesis?2.
9 pV=nRT
8 \ so 105x 10°x V=2x8.3x 295
V/l V: 2X83X295:0047m3
7 \ 105 x 10° '
6
5
4
3
2
1
0 »>
0 1 2 3 4 5 6
P/Pa
b)
Vllitres 12 6 4 3 24 2
Up/Pat 1 05| 033 025 0.2 0.17
14 4

) /!

10
/|
s 8 //
6
o
2

1/P /pa-1
0 / >

0 01 02 03 04 05 06 07 08 09 1
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Gas Law Practicals and Absolute Zero

This factsheet will:

e show you practicals that allow you to arrive at the three Gas Laws

e show you how a straight line graph can verify a relationship

e explain how the concept of a minimum temperature (absolute zero)
arises
explain the Kelvin scale of temperature
give you practice at exam-style questions

The bulk properties of gases are those that can be measured directly with
no reference to the molecules of a gas. Three important bulk properties of
gases are:

e pressure

e volume

e temperanire

h The pressure of a gas is the force per unit area it exerts on the
walls. To understand the origin of this pressure we need 1o remember
that the molecules of a gas are in constant motion. When they collide
with the walls of the container, they rebound and suffer a change in
momentum. This change in momentum results in a force on the walls,
and the force per unit area is the pressure.

The volume of a gas affects its pressure. If we compress a gas (decrease its

volume) at constant temperature, then:

o each molecule has less distance to ravel on average before colliding
with a wall of the container

e the number of collisions per second increases, even though the speed
of the molecules is unchanged

e the momentumn change per second (which is the same thing as force)
increases

e the pressure increases

The temperature of a gas affects its pressure. If we heat a gas (increase its
temperature) at constant volume, then:
o the average distance for each molecule between collisions is unchanged,
but
each molecule is travelling faster, so
there are more collisions per second with the wall and each collisions
transfers more momentum
e the force on the wall and hence the pressure increase.

These explanations are gualitative. To see quantitatively how the volume
and temperature of a gas affect its pressure, we can perform two experiments
which lead to results known as Boyle’s Law and the Pressure Law.

Boyle’s Law (relationship between pressure and volume at constant
temperature)

The apparatus is shown in Fig 1. The gas being tested is compressed using
the pump. Its pressure is read from the pressure gauge (because itis equal
to the pressure of the air in the oil reservoir). The volume, V, is read from
the scale.

Fig 1.
fixed mass of gas under test
volume
proportional pressute gauge
to reading on
this scale

The pressure, p, is increased in stages, so that several pairs of
values of p and V are taken.

A typical set of readings for the above experiment is reproduced
below.

500 245 170 125 100
1 2 3 4 5

p/kPa

Viem?

Question 1: Plot a graph of p (y-axis) against V.

You will see that your graph curves. This shows that:

e the pressure of a gas does increase as its volume decreases, and

e that it does ror decrease linearly.

However, it doesn’t show how it does decrease, because there are many
mathematical curves that look a bit like your graph (for example, at first
glance you might think it was exponential).

Any textbook will tell you that the pressure and volume of a gas are related
by:

p e 1/V, or pV = constant, provided the temperature is constant.

There are two ways you can test this relationship with your data.

Question 2
Firstly, add a row ‘pV’ to your table and calculate values. To
what extent do your data support the theory that pV = constant?

Secondly, write p <1/V as p = constant X 1/V, and compare it with
the equation of a straight line

y=mx+c¢
This shows that if we plot p (on the y-axis) against 1/V, we should

get a straight line through the origin (there is nothing corresponding
to ¢, the y-intercept). Try it now!

Question 3

Add a row to the table of data and calculate values of 1/V. Now
plot the graph. If you get a straight line through the origin, you
have verified that p really is inversely proportional to 1/V
(p = 1/V, or pV = constant).
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This neat trick of creating a straight-line graph crops up all over
physics, and especially practical exams! What we have done so far
only works, however, if you already suspect the relationship and
want to test it.

However, we can do more! (Some exam boards at A2 expect you to).
If you think that p and V may be related by a power law (p o< V, p e
V2, p =< V3, p < V!, p < V2 etc) but you do not know which power, we
can write the relationship as

P p=<V,orp=kW¥

(where k is the constant of proportionality)

Taking logs of both sides (base 10 or natural logs will both work)
gives: logp=logk+nlogV

Comparing with y = mx +c shows us that a graph of log p (y-axis)
against log V should give a straight line with gradient ‘n’. In other
words, the gradient of the graph tells us the power!

Question 4
Try this with the data for p and V given above. You should get

a value of -1 for n, showing that
pe<V%iorpe«<1/V

Boyle’s Law is often written p,V, =p,V,, where | and , denote initial
and final values respectively.

‘Worked Example 1

A gas cylinder contains 0.040 m’ of nitrogen at a pressure of

2.0 MPa. When the gas is allowed to escape it expands until it

reaches atmospheric pressure, 100 kPa.

(a) What volume does the gas occupy after expanding? [3
marks]

(b) What volume of nitrogen leaks from the cylinder? [I mark]

Answer

(a)p,V,= pyV, [1]
20x10°F x 0.040 = 100 x 10° xV, [1]
V, =0.80 m’ (1]

(b)0.040 n?’ remains in the cylinder so 0.80 — 0.040
= 0.76 m’ escapes

[1]

The Pressure Law (relationship between pressure and
temperature at constant volume)

The apparatus is shown in Fig 2.

Fig2
capillary tubing

pressure gauge

[\ fixed mass of gas
under test

The water is heated, and pairs of values of pressure, p, and Celsius
temperature, 6, are taken.

A graph of p against 8 looks as shown in Fig 3:

Fig 3

pressure

temperature (°C)

Absolute zero

If we assume that the gas from the Pressure Law experiment carries
on behaving linearly at lower temperatures (this is a big
assumption!), then we can extrapolate our graph, and we end up
with Fig 4.

Fig 4 pressure
A
) /
P
P
P
~
~
P
1 temperature (°C)
-273 0

» The pressure of the gas becomes zero at a temperature Of
-273.15 °C.

» Since the pressure is due to collisions from the moving
molecules, a zero pressure suggests that the molecules are no
longer moving.

*  The temperature of a gas is a measure of the kinetic energies
of its molecules.

» You can’t have less kinetic energy than zero, which means
that -273.15 °C must be the lowest temperature possible.

It would make sense to have a scale of temperature in which the
lowest possible temperature was at zero on the scale. It would also
be nice if a rise of 1 degree on our new scale was equal to a rise of
1 °C. This is exactly what the Kelvin Scale of temperature does. We
can change Celsius temperatures to Kelvin by adding 273.15:

T/K=68/°C+273.15
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The pressure-temperature graph then looks as follows in Fig 5.

Fig 5.

pressure

temperature (K)

Notice that the pressure of a gas is directly proportional to
temperature on the Kelvin scale.

Thus, p = T at constant V, provided we measure T in Kelvin. Another
way of writing this is p/T = constant, or

p_Dr

L I

where | and , denote initial and final values respectively.

Charles’ Law (relationship between volume and
temperature at constant pressure)

The apparatus is shown in Fig 6.

Fig 6.

bead of conc. H,SO,

water

gas under test

The water is heated slowly and the length, /, of the air column
(which is proportional to the volume) is measured at a number of
Celsius temperature, 8. Concentrated sulphuric acid is used as it
absorbs any moisture in the air. A graph of / against Celsius and
Kelvin temperatures produces the graphs shown in Fig 7.

Thus, V = T at constant p, provided we measure T in Kelvin.
Another way of writing this is V/T = constant, or

Yl_ = _YZ. where | and , denote initial and final values respectively.
1, T

More about the gas laws

A gas which obeys all the gas laws perfectly is called an ideal gas.
No ideal gas exists, but real gases behave like ideal gases quite well,
especially at low pressure and high temperature.

Boyle’s Law, Charles’ Law and the pressure law can be combined
into the following single relationship:

pVIT = constant, or

P 1V1 = P ZVZ where | and , denote initial and final values
T, T, respectively.

Pick one of the three variables. Keep it constant, and it will cancel
from the equation, leaving you with one of the three Gas laws. But
more than that, this relationship works when none of the three
variables are constant.

The ideal gas equation

Since pV/T is a constant, we can write pV/T = R. R has a value of 8.3
J mol! X! and is known as the molar gas constant. If we have n
moles, then pV/T = nR, or pV = nRT, and this is known as the ideal
gas equation.

‘I mole’ is just a number we use to count atoris (just
like ‘a dozen’ is a number we use to count eggs). 1 mole is the
number of atoms in 12 g of carbon-12, and is approximately
6 x 10%. The mass number of an isotope tells you roughly the
mass of 1 mole. So if you want I mole of sodium-23, weigh out
23g of it.

Exam Hint: To use the ideal gas equation, we sometimes have
to remember that number of moles = mass of gas / mass of one
mole.

Fig7
I (proportional to volume)
Vi

e

temperature (°C)

] (proportional to volume)

Notice that the volume of a gas is proportional to its Kelvin temperature.
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Practice Questions

1. (a) Write the following Celsius temperatures in Kelvin:
@ 100°C
@) 0°C
(i) -196 °C

(b) Write the following Kelvin temperatures in Celsius:
@ 300K
@) 600K
(G@)3K

2. A gas at STP (standard temperature and pressure = 0°C and 100 kPa) is enclosed in a rigid container. It is heated to 200°C.
‘What is its new pressure? [3 marks]

3. A volume of gas is measured at 27.0 °C. What Celsius temperature will double the volume (with the pressure constant)? [4 marks]

4. A gas occupies 125 cm?® at 120 kPa pressure and 40 °C. What will be its volume at 15 °C and 100 kPa pressure? [3 marks]
5. A container of volume 0.10 m?® contains uranium hexafluoride (molar mass = 352 g) gas at a pressure of 1.0 MPa and a temperature of
27 °C. Assuming the gas is ideal, calculate the number of moles of gas present, and its mass. [5 marks]
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Molecular Kinetic Theory

This Factsheet will explain:

e thetheory behind the kinetic model for gases;

= how thetheory agrees with experimentally deter mined results;
e how to use the theory to do simple calculations.

Before studying this Factsheet, you should be familiar with the
simple qualitative ideas of how particles are arranged in solids,
liquids, and gases.

Y ou shouldknow that:
«  pressure = foce

e momentum = mass x velocity
e kinetic energy = %2 mv2.

Thetheory makes several assumptionsto simplify themodel:

e There are many molecules in the gas, so that average figures are
representative of the whole.

*  Themoleculesare moving rapidly and randomly.

e The behaviour of the molecules can be described by Newtonian
mechanics.

e Themoleculesarefar apart(compared until their diameters)and have
no pull on each other.

*  Any forces acting, do so only during collisions and then only for a
very short time compared with the time between collisions.

e Thecollisionsareelastic (kinetic energy is conserved).

e Thetota volume of the moleculesis small compared to the volume
of thegasasawhole.

Exam Hint: You will need to know these assumptions of the model. I

Tounder standthebasisof thetheory
Consider arectangular box of gas:

Themoleculesaretravelling in random directionswith arange of speeds.
The pressure of the gas on the walls of the box is caused by collisions of
the molecules against thewalls. A molecule’smomentum changeswhen
it hitsthewall, (remember momentumisavector quantity) and theforce
isgiven by therate of change of momentum. Thepressureisthentheforce
per unit area.

Toderivean expressionfor thepressure

To simplify theideas consider amolecul e of massmtravelling parallel to

the x axis with speed v, in a cubic box of sidel.

»  Themolecule’s momentum is mv, in the positive x direction.

»  Afteranelasticcollisonwiththewall, itsmomentumwill bemv, inthe
negative x direction, so the change of momentumis2mv,.

»  Itwill travel acrossthe box and back, adistanceof 2, at speedv, , so
itwill taketime %I seconds.

X

*  Thusthe moleculewill hittheface\zl_T times per second.

Change of momentum per s = 2mv,_ x \ZITX
2

mv

= X

Togeneralisefromthisonemol eculeto averagevaluesfor all themolecules,
consider amol eculewith speed vin arandom direction.

y

z

It will have componentsv,, v, V,
. \j2 — 2 2 2
By Pythagoras: v? = v.? + V2t Y,

Since the directions are random, thereis no preference for any particular
direction, so we can assumethat on averagefor all the molecules:
V> =<y =<y >
X y z
0
<vz =1«
x 3

Sotheaverage changein momentum per sfor nmoleculesonthisoneface,
becomes: 4 nm=v:>
|

pressure = g’rr—f.ae , S0 the pressure dueto all the molecules
2:
pP= % nm|<3v >
P= % ”"’\</V2> where V is the volume of the box.
RMS Speed.
The speed v__ is the “root mean square” value of the speed. It is

important to realise that the root mean square speed is not the same as
the mean of the speeds. It is the square root of the mean of the squares
of the speeds. Consider speeds of 1,2,3,4, and 5.

The mean speed <v> isfound by addingup 1 + 2 + 3 + 4 + 5 then
dividing by 5 to give 3. The mean square speed <v> is found by
squaring the speeds=1, 4, 9, 16, 25. Addingthem up gives 55 and
dividing by 5 gives 11. The r.m.s.speed is then the square root of
11 = 3.317 (3D.P)

Exam hint: A2 level questions often ask you to do this derivation in
some form or other, often in words.

—o—
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Thisis an important result that we can consider in a number of ways:

1| @ pv=3nm<v>

Thequantitiesontheright-hand sideareall constant for agivengasat agiven
temperature, sothisagreeswith Boyle’' sLawthat pV isaconstant at agiven
temperature.

2. The density of the gas = 7 so we could write:

o p=3p <v’> where p isthe density of the gas

Worked example
The density of a gas at 20°C is 1.22kgm™. Assuming atmospheric
pressure of 1.0 x 10°Nm™, calculate v, of the molecules.

p = %p <>
<v3> =3 x1x10%1.22=2.46 x 10°

— 2 — —1
Voys = <V>= 496ms

3. The Universal GasLaw gives:

’- Universal Gas Law: pV = nRT, where n = the number of
moles of gas, T = absolute temperature (°C + 273) Take care not to
confusethisn for the number of moles, with the n used earlier for the
number of molecules.

From our derivation:

pv :% NAm<v2> [N, is Avagadro’'s number, the number of

moleculesin 1 mole of gas.]

3 N,m<v’> = RT )

Thekinetic energy of one mole of molecules is% N, m<v >

2

S0 E =3RT (= $x3N,m<v>)

i.e.,theKE of thegasisdirectly rel ated totheabsol utetemperature.
For the kinetic energy of 1moleculewe must divideby N, , which gives:

=3RT
Be=2 N,

=3 KT wherek =g,

k is called the Boltzmann constant.

"' K.E. of gases and molecules.
TheK.E.of 1 moleof gas= %_’RT, where Risthe molar gas constant.

TheK.E. of 1 molecule = %kT wherek isthe Boltzmann constant (= %)
A

Worked example

A tank contains 2 moles of Neon (Relative Atomic Mass 20; i.e. the
molar mass is 20g) at 20°C.

Calculate:

a) Thetotal K.E. of the gas.

b) vg,sOf the molecules. (take R = 8.3 JK*mol™)

a) Total KE =3 nRT
[Tip: Remember that T is the absolute temperature.]

3 x2x83x293
73% 107

b Tota KE = %nNAm<v2> wherenN,misthenunmber of molesx molar mass

<V'>=2x7.3x10720%10"°
=73x10°
Veus = 850 ms™ (2sf)

Typical Exam Question

a)
b)

0)

a)

b)

State four assumptions of the Kinetic Theory of Gases. [4]

A gas molecule in a cubical box travels with speed v at right
angles to one wall of the box. Show that the average pressure
exerted on the wall is proportional to v°. [4]

A container of volume 1.0 x 10 °m” has hydrogen at a pressure of
3 x 10°Nm~and temperature 20°C.

[Molar mass of hydrogen is 2g.

Take R = 8.3JKmol ™, N, = 6.02 x 10 mol 7]

Calculate i) the number of moleculesin the container. [4]

ii) the v, of the molecules. [3]
Any four of:
pressure = ];Orl‘_gae

momentum = mass x vel ocity
kinetic energy = %2 mv’
The collisions are elastic (kinetic energy is conserved).

The molecules's momentum is mv, the average chanage in
momentum when it hit awall is2mv. v/

It takes 2v'to travel across the box and back,
soitwill hitaface ¥ times per second. v/

2l
So change of momentum per second = 2mv x % v
_ m#
f 2 N —rz
orce 10
pressure =  arem = ”l—';’ 21 = W v
i) PV=nRT
n=3x10°x1x10%(8.3 % 293) v’
= 0.12moles v/
number of molecules
=0.12x6.02 x 102 v
=743 x102 Vv
1

i) pv = 5 nNm<v®>
<vZ> = 2x3x10°x 103/ (0.12%x 2 x 10%) v/
[N,misthe molar massin kg]
<vZ> = 6x10°/0.24= 25x 10° v
Vous = 1900ms™ v (25F)
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Exam Wor kshop

Thisisatypical poor student’s answer to an exam question. The
comments explain what is wrong with the answers and how they
can be improved. The examiner’s mark scheme is given below.

(@ How does Kinetic Theory explain the pressure exerted by

a gas on the walls of its container ? [3]
The molecules of the gas collide with the walls of the container.
1/3

The candidate should have realised that thisisinsufficient detail for 3
marks. The collisions cause achange in momentum of the molecules,
and theforceistherate of change of momentum. Pressureisforce per
unit area.

(b) Stateand explain circumstancesin which theKinetic Theory
expression for pressurein agasp :—% p<vZ> does not hold.
(2]

At low temperature and pressure. 1/2

Insufficient detail. It will not hold if the conditions mean that any of the
assumptions of the theory areinvalid. e.g. for small quantities of gas
there may not be enough moleculesto justify statistical averages. At
very low volume and high pressure the assumption that the volume of
the moleculesthemsel vesis much lessthan the volume of the container
may not bevalid.

(c) A pressurised tank at 25°C contains 2 moles of helium gas
(Molar mass of helium = 4g). Take R = 8.3JKmol™*
Calculatei) the total K.E. of the gas. [2]

) KE=3RT=3x83x25=31J 12

Two common mistakes — the candidate has forgotten that there are 2
moles of gas and has failed to convert the temperature to absolute
temperature.

i) Vg for the molecules. [3]
i)  K.E. =%xnNm<v>

311 = Yax4<v>

<va>= 311 x 2/4

v,.= 125ms? 2/3

RMS

The candidate has already been penalised for the incorrect calculation
for the K.E. and for omitting the number of moles, so that would be
“error carried forward” (e.c.f), but ghe hasnow forgotten to expressthe
molar massin kg. S'he should haverealised that thisvalueisfar too low
forav,,.

Examiner’ sanswers

a) Pressure is force per unit area.v’ Force is rate of change of
momentum.v” The for ce of the molecul es against the wallsarises
from the change in momentum which occurs when molecules
collideelastically withthewalls. v/

b)  The expression will not hold if any of the assumptions of the
theoryisinvalid.v” e.g. if the volume of the container isnot large
compared with the volume of the ol ecul es themsel ves.

9 i) KE= 3nRTv
=5%x2x83%x208Y
= 74200 v
i) KE=%nNm<v?>
=% x2x4x103<v2> v
<vZ> = 7420/4 x 103V
=1.86 x 102\/
Voys = 1-:36 x10ms? v/

-1
Veus = 854 ms

Questions ,
1. Usetheideasof Kinetic Theory to show that <v > is proportional
to the absolute temperature.

2. Explainwhat ismeant by v, _for the molecules of agas.

RMS

3. A gasexetsapressureof 2 x 10°Pa. The Vius S found to be 1100ms .
What is the density of the gas?

4. i)  Caculatethetemperature at which hydrogen moleculeshave an

RMS speed of 1200ms . R=8.3JK .mol .
(Molar mass of hydrogen = 2g.)
i) Caculatethe KE of 1 moleof hydrogen gas at thistemperature.

iy Calculatethe KE of 1 moleculeof hyc[r’ztg)gen at thistemperature.
TheBoltzmann constantk =1.4x 10 .

Answers
1. Seetext.

2. Vg,isthesquareroot of the mean value of the speeds of themolecules.

3 P= % p<v’>
p= 3x2x . 106
=0.50kgm = 11007

4i) RT=4N,m<v>

T :‘;I‘_,“xzx]_oﬁx-:l-zQX

83
=116K
ii) Energy of Imole = %RT
= 3x83x116
=1.4x10°

energy of 1 unit
number of molecule per mole

iii) Energy of 1 molecule=

x1.4x10°J
N

A

= 14x107J
6.02 x 10™

= 23x10°9
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First Law of Thermodynamics

ThisFactsheetisabout thefirstlaw of thermodynamics, whichisconcerned
with how energy is transferred from and to any material. In order to
understand the first law of thermodynamics we must first consider the
quantities used in expressing it.

A Note of Caution

Thesignconventionfor thetermsinthefirstlaw of thermodynamicsthat
have been used in thisfactsheet are consistent with AQA specification
B andtheEdexcel specifications. TheAQA specification A unit5option
of applied physicsdefineswork done on agas as negative and thework
done by the gasas positive. Thismeansthat theformat of thefirst law
of thermodynamicstakestheform: AU = Q- W. Please check that you
areusingthecorrect quantitativeformof thefirstlaw of thermodynamics
with your specification.

Heat
When two objects, at different temperatures are placed next to each other
there will be atransfer of heat.

"' The symbol used for heat is Q.
Q isa positive number when heat is supplied to an object.
\When an object loses heat then Q is negative.

Exam Hint : When asked to define heat or statewhat you under stand by
heat , it should alwaysbementioned that heat suppliedtothesystemare
considered to be positive values.

Heat will be transferred from the hotter object to the cooler object. If we
concentrate on just one of those objects, energy supplied to it by heating
hastwo possi bleconsequences: - achangeinitstemperatureand/or achange
of state, from liquid to gasfor example.

h Heat supplied to an object or removed from it can lead to a
changein temperature of the object or a change of state of the
object, or even a combination of both of these things.

SpecificHeat Capacity

If an object hasheat supplied or removed such that it resultsin achange
intemperature then the size of the change in temperature will be governed
by the specific heat capacity of the object. This is the amount of heat
required to increase the temperature of 1 kg of the material by 1 °C.

Soecific heat capacity isthe amount of heat energy needed to
increase the temperature of 1 kg of the material by 1 °C.
Q Q = heat energy supplied (J)
c= e ¢ = specific heat capacity (Jkg'°Cor JkgiK?)
m = mass of material (kg)
A8 = change in temperature (°C)
=final temperature- inital temperature

If thetemperature of the substanceisincreasingthen heat isbeing supplied
to the substance and the changein heat , Q, is positive. If the substanceis
cooling down thenitislosing energy and the changein heat energy, Q, is
negative.

Specificlatent heat

If anobject hasachangeinenergy that resultsinachangeof state, fromsolid
toliquid, liquidtogasor viceversa, thentheamount of masschanging from
onestateto another isgoverned by specificlatent heat. Every material has
twovaluesof specificlatent heat, onevaluefor achangeof statefromasolid
toaliquid, calledthespecificlatent heat of fusion, and oneval uefor achange
of statefromaliquidintoagas, called thespecificlatent heat of vaporisation.

If asubstanceischangingfromasolidtoaliquidor fromaliquidtoagasthen
energy is being supplied to a substance and Q, is positive.

If asubstanceis changing fromagastoaliquid or aliquid to asolid then it
islosing energy and the changein heat energy, Q, isnegative.

"aoecific latent heat of fusion isthe amount of energy required to
turn 1 kg of a solid into a liquid.

Soecificlatent heat of vaporisationistheamount of energyrequiredtoturn
1kgofaliquidintoagas.
| = gpecific latent heat are (Jkg?)
Q = heat energy supplied (J)
m= mass of material changing state (kg)

m

Typical ExamQuestion

A kettleisfilled with 2.0kg of water.

(a) Calculatehowmuchenergyisrequiredtoincreasethetemperature
of thewater from 20 °C to boiling point, 100 °C. [3]

(b) If the kettle is left running so that it supplies another 120003 of
energy, how much of the water will have evaporated and turned
fromaliquidintoavapour. [2]
Specific heat capacity of water = 4200 Jkg1°C?
Specific latent heat of vaporisation of water = 2.3 x 10° Jkg*

(a) Astraight substitution of figuresinto our equation for specific heat
capacityisall thatisrequired. Theequationhasbeenrearrangedto
make the change in heat energy, Q, the subject of the equation.
Caremust betakentoincludethechangeintemperatureof thewater.
Changeintemperature:

A0 = final temperature—initial temperature= 100—20= 80°C v
Heat energy supplied, Q = mcAf0 = 2 x 4200 x %%9 = 672,000 v

(b) Again, toanswer the question, all that isrequiredisthe substitution
of valuesinto the equation for specificlatent heat. Theequationhas
been rearranged to give mass as the subject of the equation.

Mass evapor ated:
_ Q _ (12000) _ _
m= > = —(lexloﬁ)/— 0.0052kg = 5.2gv/

Aswould be expected, thisis not a large mass of water
Notehow, ineachof theseequations, theval uesfor energyarepositive
as energy has been supplied to the water.

—o—
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Work Done

Work is done on a material whenever aforce that is being applied to the
material movesthroughadistance. Anexampleof work beingdoneonasolid
iswhen aforceisbeing used to moveoneobject acrossanother object against
friction. Inthisinstance, the work done on the solid would cause the two
solidobjectstoincreaseintemperature. Work canalsobedoneonfluidssuch
asagasheing compressed. Whenthepiston of aseal ed bikepumpispushed
in, astheforcemovesthrough adistanceit will increase the temperature of
thegasaswell asstore someenergy inthegas. Thisstored energy could be
released by letting go of the piston. The piston would spring back out as
the gas expands.

h Work is done when a force moves through a distance in the
direction of theforce.

W = work done (J)
F = force applied (N)
x = distance moved (m)

W= Fx

Whenwork isdone, energy istransformed from oneform to another. Work
done has the same units of energy, joules (J).

Work doneand gases

Thework doneon agasisalso related to the pressure and volume of agas.
Consider agasthat isenclosed in acylinder. The pressure of thegasinside
thecylinderisP. Onewall of thecylinder ismoveablelikeapiston. A side
view of this situation is shown below.

@

moveable piston

enclosedgas
at pressure P

Now, imagineaforceisexerted on the moveablewall that squashesthegas
alittle, moving the piston asmall distance. The force has moved through
adistance, doing work on the gas.

enclosedgas
decreases —H <
involume Force applied
to piston
<
piston moves

through adistance

The amount of work done on the gasis given by its pressure multiplied by
itschangeinvolume.

h The work done on a gasis given by the following eguation:

W = work done (J)

P = pressure (pa)

AV=distance moved (m)

Thepressureof thegasisassumed to stay the samewhen using
thiseguation.

W= pAV

®* Whenwork isbeing done on agas (in other wordsit is being
compr essed), work doneis given apositive sign.

*  Whenworkisbeing doneby agas, (inother wordsthegasisexpanding
and pushing back its boundaries), it is given anegative sign.

Notehow thesymbol, A, whichisthegreek | etter delta, isused to represent
achangeinvolume. Thisisinthesameway asA® representsachangein
temperature.

Typical ExamQuestion

Air is enclosed in a container that has a moveable piston. The
container hasan initial volume of 7.50 x 10* m3. A constant force
of 125N isapplied tothepiston sothat it movesadistance of 4.50cm,
compressingthegas. Thepressureof thegasremainsat 100,000Pa
throughout the compression.

(a) Calculate the work done in moving the piston. [2]
(b) Calculate the final volume of the gas, stating any assumption
that you make. [4]

(a) A force and distance have been given in the question so that these
number scan be substituted into our general equation for work done.
Caremust betakento changetheunitsof distanceinto metresbefore
substitutionintotheeguation. Thefinal answer hasal so been quoted
to the same number of significant figures as given in the question.
W= Fx= 125 x0.045 v

= 5.625=5.631v

(b) The question provides a pressure for the compression, and a value
for work done has just been calculated. We can use these valuesto
calculatethechangeinvolumeof thegas. Notehowtheval uefor work
donecalculatedinthefirst part of thequestion hasa positivevalueas
it representswork being done on the gas. Asthe question suggests,
an assumption has been made that all the work done in pushing the
piston hasbeentransferredtothegas. Notehowall of thesignificant
figuresfromthelast cal cul ation havebeen used when substitutinginto

thisequation.
W= pav

_ W _ 5625 _ s
AV = p - 100,000 - 5.625 x 10°mPv’

Knowingthechangeinvolumeandtheinitial volume, thefinal volume
can now becalculated.

Final volume = initial volume - changein volume

= 7.5x10%-5.625 x 10° = 6.9375 x 10* = 6.94 x 10* m*v’
Assumption: All of theworkdonein pushingthepistonistransferred

to work done on the gas.v/

Internal Energy

Internal Energy istheterm used to describeall of theenergy containedina
material anditisgiventhesymbol, U. Any changeintheinternal energy of
amaterial isgiventhesymbol, AU. Therearetwo formsof energy that can
make up theinternal energy of amaterial:

(i) Potential energy. This is the energy stored in the stretched or
compressed bonds between the molecules of a material.

(i) Kineticenergy. Thisistheenergy thatthemoleculesinamaterial have
because they are moving. In a solid, this movement is vibrational
movement centred around a fixed position. In aliquid or a gas this
movement islinear asthe moleculestravel in straight linesin between
collisions with other molecules or the sides of the container.

® Insolidsthereisaroughly equal split betweenthepotential and kinetic
energy.

* Inaliquid, themgjority of theinternal energy ismade up of thekinetic
energy of the molecules although thereis still some potential energy.

® Inanidesal gas, therearenoforcesof attraction between themolecules,
so thereisno potential energy and all of theinternal energy ismadeup
of thekinetic energy of the fast-moving gas molecules.

h Theinternal energy of a material isthe total sum of all of the

energy contained inthe material. For solidsand liquidsthiswill bethe
sumofthepotential ener gy andkineticenergy of themolecules. For agas,
thereisnopotential energy andtheinternal energyisthesumofthekinetic
energy of themolecules.
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Exam Hint: To avoid making errors with units of values used in
calculationsitisbest tochangeall unitsinto standard unitsbeforestarting
any calculation. Some common standard unitsused in thistopic are:
Energy — Joules (J), time — s, volume — ¥, pressure — pascals (pa)

TheFirst Lawof Thermodynamics

Thethree conceptsthat have so far been covered by thisFactsheet - energy
transferred by heating, work doneandinternal energy - arelinked by thefirst
law of thermodynamics.

A changein theinternal energy of a substance will occur if it
gainsor losesheat energyandal soif thesubstancereceivesor doeswork
on its surroundings or has work done on it.

AU=Q+W AU

Q
w

increaseininternal energy of the substance (J)
heat energy supplied to the substance (J)
work done on the substance (J)

Hence, supplying the substance with heat energy, making Q positive will
increasetheinternal energy of the substanceand AU will bepositive. Also,
doing work on the substance, making W positive, will also increase the
internal energy of the object, again making AU positive.

Similarly, if energy isremoved from asubstanceanditisallowedto cool,
making Q negative, it will experienceadecreaseininternal energy and AU
will benegative. Alsoif thesubstancedoeswork onthesurrounding, making
W negative, it will experienceadecreaseininternal energy, and AU will be
negative.

A simpleexampleintheuseof thisequationwould beto consider acleaner
scrubbing the inside of afridge. As he scrubs, heis applying aforce
throughadistanceand performing 50Jof work ontheinterior of thefridge.
Atthesametimetheinterior of thefridgeisbeing cooled and hashad 30J
of heat energy removed. If weconsider thechangeininternal energy of
theinterior of thefridgeby usingthefirst law of thermodynamicswemust
first decide the sign of the change in heat energy and work done.

The heat energy supplied to the fridge interior, Q = -30J
Thework being done by the fridge interior, W =+50J

Increasein internal energy of thefridgeinterior;
AU =Q+W =-30+50 =20J

This increase in internal energy would be seen as an increase in the
temperature of the fridge interior.

Exam Hint : Decideand write down the signs of work done and energy
before using the valuesin thefirst law of thermodynamics.

Typical ExamQuestion
(@) The First Law of thermodynamics can be stated in the form:
AU=Q+W . Statewhat you under stand by theterm AU in thislaw.

(1

(b) Thediagram below showsa freezer. Thefluid inside the pipes
evaporatesat A, iscompressed by the pump at B and cools asit
passes through the pipes at C.

J

A

RN AR AN
TTTTTITTTTITTTTTTTooT

freezer B [
interior

(i) Explain where the fluid is gaining or losing heat energy in

the diagram. (2
(ii) Explain wherethefluid isdoingwork or ishavingwork done
on it in the diagram. [2]

(c) 3.5kgofwater withatemperatureof 20°Cisplacedinthefreezer.
Ittakes2.0hour stofreezethewater without coolingit below 0°C.
(i) How much energy isremoved from the water? [5]
(i) What is the power of the freezer. [2]
Specific latent heat of fusion for water = 3.4 x 10°3Jkg*

(a) AUisthechangeininternal energy of thesubstance. Apositivevalue
for AU representsanincreasein inte‘;nal energy.

v
(b) (i) Thefluidisgaining latent heat energy insidethefreezer, at A, asit
changesfromaliquidtoagas. Thefluid losesheat energy at C
whereit cools down.v’

(it) Thefluid is having work done on it whereit is being compressed
inthepur’ﬁ)al B. Thefluidisdoingworkat Awhereitisexpandi n‘%

(c) (i) Thispart of the question requirestwoinitial calculations.

Oneto cal culatetheener gy removed becausethewater iscooling
down and oneto cal culatethe ener gy removed becausethewater
ischanging into a solid.

Consideringthecooling processfirst wecan useour equationfor
specific heat capacity, rearranged to make energy the subject of
the equation. The change in temperatureisfrom 20 °C to 0 °C.
Q= mcAf = 3.5 x4200 x 20= 294,000 IJv/

Nowwecan cal cul atetheener gy removed fromthewater tochange
itinto asolid using our equation for latent heat.

Q=ml = 35 x (3.4 x 10°'= 1190000 Jv/

Thetotal energy removed from the water isthe sum of these.
Total heat energy removed

= 294,000 + 1190000 v/

= 1484000

= 1.5x10°Jv (to2significant figuresasgiveninthequestion).

(i) Tocalculatethepower of thefreezer, weneed to usetheequation

_ Energy
Power = Time
remembering to change the time into seconds.
E 1.5 x10°
== — = v
P t 2083 ¥ 2.1kw

_—,,———
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First Law of Thermodynamics

ExamWorkshop

Thisisatypical poor student’ sanswer toan exam question. Thecomments
explainwhatiswrongwiththeanswer and how they canbeimproved. The
examiner’ sanswer isgiven below.

(@ Thefirg law of thermodynamics may bewritten as: AU = Q+ W.
State what you understand by each of the termsin the equation.[3]

Qualltatlve(ConceptTeﬂ)
What is specific heat capacity?

2. Whatisthedifferencebetweenlatent heat of vaporisationandlatent heat

of fusion.

3. When asubstance changes from aliquid to asolid, doesit receive heat

energy or giveout heat energy?

4. What sign, positive or negative, isgiven to thevalue for thework done
by a gas that expands?

AU isthechangeininternal energy
Qisheat energy

Wiswork donev' X X s 5. What two types of energy generally make up the internal energy of a

substance? What type of substance only contains one of these types of
energy and whichisit?

No direction has been stated. Each term should have stated which
direction of energy transfer is considered positive

6. What do the three terms represent in the first law of thermodynamics?
(b) 10 g of water occupying a volume of 10 cm® isheated in a kettle

from 20 °C to 100 °C and then evaporated into steam, which

occupies a volume of 0.0016 m?® Quantitative(Calculation Tes)

1. Howmuchheat energy will besuppliedto 1.5kg of water whenitisheated

] ) ) from 20°C to 80°C? Specific heat capacity of water = 4,200kg*°C2.
(i) Calculate the heat energy required to increase the

temperature of the water to 100°C. 2.
Specific heat capacity of water = 4,200 Jkg'°C* [2]

How much hest energy will have to be supplied melt to 0.5kg of ice?
Specific latent heat of fusion of ice= 3.4 x 10° Jkg*

3. (a) Agasisalowedtoexpandataconstant pressureof 150,000Pafrom

v
= mcA6 = 10 x 4200 x 100 = 4,200,000J 1/2
Q X X T X 5mdto 15m3. What work has been done?

The student has not changed the mass of the water into kg and the
final temperature has been used the calculation, not the changein
temperature — this scores 1/2 for the correct equation being used.

(b) If the gas also receives 3 x 10° J of energy by heating what is the
increaseininternal energy of the gas?

4. A mandragsacrate acrossthefloor of hisrefrigerated lorry. Thecrate

(if) Calculatetheheat ener gy required toturnthewater at 100°C into loses 150Jof internal energy and has 350Jof energy removed fromit by

seam. Latent heat of vaporisation for water = 2.3 x 108Jkg?

v (2
Q=m=10x 23x10°=23 x 107X 1/2

Onceagain, theincorrect masshasbeen used andagainscores1/2 for
the correct equation being used

the cold surroundings.

(a) Cdculatethework done on the crate.

(b) If theforceexerted onthecrateis50N, calculatethedistancemoved

by the crate.

(iii) What is the total heat energy supplied to the water? [1] QualitativeTest Answers

Total energy = 4,200,000+2.3 x 10'= 272 x 107 1/1 | | neanswerscan befoundin thetext

Although incorrect values for these energies have been used, the Quanzltatlve'_l'eﬁAnSNers _
student would receive thismark as his calculation is correct, using 1. Q=meAb = (1.5)(4200)(80-20) = 378,000

errorsthat have been carried forward. 2. Q=ml=(0.5)(-3.4x 105 =-1.7x 10°J. Notehow theanswer isnegative
2] astheiceisgiving out energy and not supplying it.

(c) Calculate the work is done by the steam as it expands.

202 3. (W=pAV =(150000)(5-15)=-1,500,000J. Again, notetheminussign

4
W= pAV = 101,000 x 0.0016 = 161.63v' - -
P showing that the gas has been doing work.

A correct answer scoring full marks
1,500,000 = 1,500,000J

(b) AU=Q+W =3x10°—
(d) Calculate the increase in internal energy of the water for the
entire process. 3 | 4 @ W=AU-Q=-150«-350) = 200]
v (b) x =WI/F = (200)/(50) =4m
AU=Q+ W=272x 10"+ 161.6 = 27,200,161.6 IX X 13

Thesign of thework doneisincorrect asthegasisdoingwork. The
answer hasal sobeen quoted toaninappropriatenumber of significant
figuresagain thisscoresasinglemark for the correct equation being
used.

Examiner’sAnswers

(a) AU istheincreaseininternal energy a substance.
Q isenergy supplied to the substance by heating.
W iswork done on the substance.

(b) (i) Q= mcAd = 0.01x 4200x (100-20) =3360J (quote 3.4 x 10°J)
(i) Q= ml = 0.01x (2.3 x 10°) = 23,000J (quote 2.3 x 10*J)
(iii) Total heat energy supplied = 3360 + 23,000 = 26,360

= 26,400J (quote 2.64 x 10*J)
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Calculations: First Law of Thermodynamics

The first law of thermodynamics can be explained by Fig 1 which
shows a frictionless cylinder and piston containing a quantity of
gas.

Figl 1

AU + p%Y

Three imps are watching what is happening. The first is aware of a
quantity of heat (Q) entering the cylinder, the second imp doesn’t
understand ‘heat’ but sees the gas molecules speed up while the
third sees work output (W) at the turning wheel. All three imps
understand the term energy. They decide that the heat energy input
must equal the energy gained by the gas molecules plus the energy
used when the work is done.

So, if 1007 of heat enter the gas and 70J of energy are given to the
gas molecules then the remaining 30J must appear as the work done.

Molecular kinetic energy and Temperature

The second imp is keeping an eye on the gas molecules.
He sees the molecules speed up and gain kinetic energy. When
you or I look at the gas we see that there is a gain in temperature.

When the temperature increases we deduce that the
molecular kinetic energy has also increased.

We use U to represent the kinetic energy of all the molecules
and T for temperature and write U o< T
Remember that the temperature must be in kelvin K.

Example 1
A gas has a temperature of 27°C. Find the temperature when
the kinetic energy of the gas is doubled.

Answer. The temperature T = 27 + 273 = 300K. To double
the kinetic energy we must double the kelvin temperature. So |
the required temperature is 600K or (600 - 273) = 327°C.

Another name for the kinetic energy of the gas molecules is the
internal energy.... this term is used in thermodynamics. In the
example above, the internal energy is doubled and in question 1 (at
the end), the gas loses 10% of its internal energy.

Remember that the second imp ‘sees’ a change in internal energy
while you and I ‘see’ a change in temperature.

Now look again at Fig 1.

The ‘heat that flows into the gas has two jobs to do.

1) it must warm the gas ie increase the internal energy and
2) it must provide for work to be done

| calculate the efficiency of the cylinder and wheel arrangement.

@™ We write Q = AU + W . This is the first law of
thermodynamics

Q is the heat supplied to the system, AU is the rise in internal
energy of the system, and W is the work done by the system.

In our first example, the heat Q = 1007, the increase in internal energy
AU =70] and the work done W =30 J

This illustrates an important point about heat and work. If we rub
our hands together, work is done and heat produced. In this example,
all of the work done against friction is converted into heat.

Work — Heat (100% conversion )

If we try the reverse process, Heat -> Work, we find that 100%
conversion is impossible. This is not due to quality of workmanship
in making the cylinder and piston but is down to the laws of physics!
Some of the heat supplied is used to warm the gas (AU). Only that
left over is available for work to be done.

Example 2
For the example in fig 1 (Q = 100J, AU = 70 J and W = 30J]),

In this example we are trying to convert the input (100J of
heat) into the output (30J of work).

. _ output 30
efficiency input 100J ~ 30%

Adiabatic Changes

You may have noticed when pumping up a tyre, that the pump gets
quite warm. This is not just due to friction but because you are
compressing the gas. You are doing work on the gas.

Imagine that the cylinder in Fig 2 is perfectly
insulated so that heat cannot enter nor leave
the gas.

Fig 2. rapid
compression

When the piston is rapidly pushed inwards,
there is a temperature rise in the gas. How
can this be? The temperature increases but
heat is not supplied.

The answer is found from the first law, Q = AU + W.
Suppose that 200J of work are done in compressing the gas.

h Because the gas is compressed we must take the work
done to be negative. Heat doesn’t enter or leave the gas so Q =

0. Substitute in the equation:- Q=AU+ W
0 = AU + (-200J)
200J = AU

The internal energy has increased by 200J

Remembering thatinternal energy depends on temperature, we see
that the temperature must also increase.
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This is an example of an ADIABATIC CHANGE, ie, where heat is
not allowed into or out of the gas.

For a compression, there is no heat exchange but there is a
temperature rise! Put another way, all the work done goes to increase

the internal energy (and the temperature) of the gas.

Isothermal Changes

Fig 3. slow isothermal
expansion

Look at Fig 3 showing a gas expanding
at a constant temperature. This is an
Isothermal Change.

Because the temperature

doesn’t change, the internal energy
- doesn’t change. ie AU = 0

This time 400J of work are done.
Because the gas is expanded we must

take the work done to be positive.

Substitute in the equation

Q=DU+W
Q=0+400J
Q=400J

For the change to be isothermal, it must take place slowly to allow
heat into or out of the gas. We have just shown that because 400
of work are done isothermally, the heat supplied must also be 400J.

Summary

The First Law of Thermodynamics says Q = AU + W where Q is the
heat absorbed, AU is the increase in internal energy and W is the work
done by the system.

"When the gas expands W is positive; for a compression W is
negative, If the heat enters the gas, Q is positive, If the heat leaves
the gas, Qis negative. Uoc T (kelvin temperature). If U increases, then
the temperature increases (and vice versa).

Work done by a gas

Fig 4a shows some gas trapped in a cylinder by a piston.

Fig 4a 1 2 areaA
o\
Gas‘pressure P |} 3 r
//
)
Fig 4b
AV =AXAX

As the gas expands, the force F pushes the piston through a small
distance, so we conclude that work is done!l We have to find the
work done by the gas as the piston moves a small distance Ax from
position | to position 2,

The gas is at a pressure P and exerts a force F on the piston with

area A,
force P = F = R=PxXA
area A

Pressure =

The distance Ax is small so the pressure remains constant.
The work done by the force F is also small and is AW.

Work done = Force X Distance, so
AW =F X AX
AW =PXA)XAX =PX (AXAX)

From Fig 4b we can see that the increase in volume AV = AXAX
Hence we have the important result

AW =P XAV

You should check the units of this equation. The units of P are Nm? ;
those for AV are m? .

Using the equation above you should show that the unit for AW is
the Joule.

Example 3

Fig 5 shows a gas being heated at a constant pressure of 10° Pa
(atmospheric). The volume of the gas increases by 0.54 Find
the work done.

Fig 5

Q

When we use AW = PXAV, we want W in JOULES.
This means that P must be in Pa ( Nm? )

and V must be in n?’.

Because 10° litres = In®, 0.51=0.5x10°n’

so we write AV = 0.5 x10% m* .

AW = P x AV
AW = 10° X (0.5 x 10°)
AW =507

The work done by the expanding gas is 50 J.

Remember that pressure is sometimes given in kPa or MPa, so
you must then introduce 10% or 10° respectively in your
calculation.

Exam Hint: Remember to convert the volume into m* and the pressure
into Pa (Nm?) before performing the calculation.

If in this case, (Fig 5), the heat supplied was 125J, use the first
law to find the gain in internal energy (AU) of the gas.

We have Q = AU + W, with Q = 125J, and W = 50 J.
The gain in internal energy AU = (125J — 50J) = 757
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Practice Questions
1. A quantity of gas has a temperature of 27°C and loses 10% of its

kinetic energy. ‘Calculate its initial and final kelvin temperature.

. The diagram below shows an adiabatic expansion.....no heat
gain or loss.

This time 300J of work are done. Because the gas is expanded we
must take the work done to be positive.

Calculate:

(a) the change in internal energy.

(b) has the temperature gone up or down?

. A gas is heated at a constant pressure of 10° Pa and its volume
increases by 8 litres, Calculate the work done by the gas as it
expands. If the heat energy supplied to the gas is 10kJ, calculate
the gain in internal energy of the gas.

. An engine discharges 15m3 of hot gas at a pressure of 1.0x10° Pa

to the atmosphere that is also at a pressure of 1.0x10° Pa. The gas

then cools and contracts to one third of its original volume.

(a) Calculate the work done on the exhaust gas.

(b) During the cooling process, 5.0 MJ of heat is transferred to
the atmosphere. Calculate the change in internal energy of
the gas.

. 'The diagram shows an insulated cylinder fitted with a perfectly
fitting frictionless piston. The cylinder contains a fixed mass of
gas and a heater.

insulated cylinder

heater

piston

Two experiments are performed:

Experiment 1

The heater provides 150 J of energy with the piston held in a
fixed position. The temperature rise of the gas is 30K.

Experiment 2

The heater again supplies 150J of energy with the piston free to
move so that the gas expands at constant pressure and does
some useful work W. In this case, the temperature rise is 18K
and the efficiency is 40%

(a) Explain why there is a difference in the temperature rise in each
case,

In the first experiment, calculate

(b) the gain in internal energy of the gas

In the second experiment, calculate

(c) the work done by the expanding gas

(d) the gain in internal energy of the gas

In the second case, the gas expanded at a constant pressure of

1.0x10° Pa, calculate

(e) the change in volume of the gas.

Physics Factsheet

Answers

1. The kinetic energy (internal energy) o< kelvin temperature,
If 10% of kinetic energy lost then 10% of kelvin temperature
‘lost’.
27°C=300K. 10%loss gives 270K (270-273)°C =-3°C

2, Inall cases, Q = AU + W.
For adiabatic change, Q = 0. Gas expands so work done is
Positive.
0=AU + 300J
AU = -300J. That is a decrease in internal energy with a
corresponding decrease in temperature.

3. P=10%Pa, AV =81 =8x10%m?,
Work Done =P XAV
=106 X 8x10% = 8x10°J (8KI)
Q=AU+W
10k) = AU + 8kJ => AU = 2KkJ (the increase in internal energy)

4. (a) Work done =PxAV
=1.0x10° (15-5)
=1.0x10°J
This is a compression so W = - 1.0x107

(b) The exhaust gas is the system, it loses 5.0X10°7
and so, Q = -5.0x10°J
First Law, Q =AU + W
-5.0x10° =AU + (-1.0Xx10%)
-4x10° =AU
ie., a loss in internal energy of 4MJ

5. (a) In the first part the piston is fixed so no work is done. All the
1507 increases the internal energy and consequently the
temperature. In the second part the piston is free to move,
work is done, so now less energy is available to increase the
internal energy with a corresponding lower temperature rise.

(b) Q=AU+ W, because W=0, Q=AU = 150J
All the energy supplied (1507)_increases the internal energy

(c) efficiency = work / energy supplied
40/100 = W/150, = W =60]

(d) Q=AU+W = 150J =AU + 60J = AU =90J

(&) W=PXAV
60=1.0x10°xX AV
AV=60x10°m* or 0.6 litres
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Mass Defect

The mass of a nucleus is less™ than the combined mass of its protons
and neutrons (nucleons). The missing mass is called the mass defect.

| A Rydrogennucleus consisting of oneprotonis the only exceptionto this
rule :

Worked Example 1a

A lithium Li-7 nucleus has a mass of 7.01436 u.

What is its mass defect? Use the fact that a proton has a mass of
1.00728 u and a neutron 1.00867u. (Iu= 1/12 th mass of a
carbon atom = 1.661x10% kg)

Answer
The reaction can be summarised by the equation:
1 1 Tr;
3ip+4yn =L

Mass of reactants = 3x1.00728 u + 4x1.00867u = 7.05652u
Mass of product = 7.01436 u
Mass Defect = 0.042 16u

or 7.00278 x 10% kg

[

Mass Defect = Mass of all reactants — Mass of .all products
L

Binding energy

Protons and neutrons also lose potential energy (P.E.) when they
are bound together in a nucleus. The difference in the P.E. is equal
to the binding energy of the nucleus,

o

Binding energy =

energy needed to tear a nucleus apart into
individual protons and neutrons.

Fig 1. Binding energy per nucleon

Number 137

Mass Defect and Mass Loss

Mass-energy equivalence

Einstein suggested that the binding energy of a nucleus is the mass
defect of the nucleus. His most famous equation gives the energy
equivalent of mass:

AE = Amc? where energy E is measured in joules when mass m is
measured in kg and the speed of light ¢ is a constant 3 x 10 ® m/s. So
binding energy = mass defect X c? .

Worked Example 1b
Find the binding energy of the Li-7 nucleus.

Answer

AE= 7.00278 x10% kg x(3.00 x 108 m/s)? = 6.30 x102J
Small amounts of energy can also be expressed in MeV
(megaelectonvolt), where

1 MeV=16x10"3]

The Dinding energy of the nucleus is 6.3 x 10 "2 J or 39.4 MeV

Exam Hint: Mass and energy are equivalent, so although mass
may not appear to be conserved in a particular interaction,
the mass-energy of the system stays constant.

Binding energy per nucleon

This is found by dividing the binding energy of the nucleus by the

number of nucleons. Fig 1 shows how binding energy per nucleon

changes as nucleon number increases.

* binding energy/nucleon increases with nucleon number for
relatively small nuclei

* the most stable nuclei have the highest binding energy per
nucleon .

* binding energy / nucleon decreases with nucleon number for
relatively large nuclei

o

Average
binding energy
per nucleon
MeV)
4f— —
3 H3 —
He?
5 —
| beH? .
1
0 v ] l L 1 I 1 ! l L 1
0 20 40 60 80 100 120 140 160 180 200 220

240

Number of nucleons in nucleus, A

*
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Binding energy per nucleon and stability

The nucleus is held together by the attractive ‘strong nuclear force’
which acts over short distances. For low numbers of nucleons the
strong force increases with nucleon number (positive slope left
hand side of graph). Tightly held nucleons means the nucleus is
more stable, When nucleon numbers exceed about 60 the nucleons
cannot be packed together close enough for the strong nuclear
force to hold all the nucleons as tightly, so stability now starts
decreasing with: nucleon number (negative slope right hand side of
graph).

" The higher the binding energy per nucleon, the more
stable the atom.

Worked Example Ic
Find the binding energy per nucleon for Li-7

Answer

Binding energy per nucleon for Li-7

= Binding energy / number of nucleons
=394 MeV/7 =56 MeV

Unstable atoms

An unstable nucleus breaks up relatively easily. This can happen
spontaneously as in radioactive decay or can be forced as in a
fission reaction.

Radioactive Decay occurs when an unstable nucleus emits o,  or y
radiation to form smaller ‘daughter’ nuclei. Daughter nuclei are
always more stable because their binding energy per nucleon is
higher than the ‘parent’ nuclei.

‘Worked Example 2

Here is an example of alpha decay:
228 224 o 4
50 110 —> “4a Ra+ 5 0

Given the following masses:

Mass of Th- 228 = 227.97929 u
Mass of Ra -224 = 223.97189 u
Mass of o = 400151 u -

(i) Show that the binding energy / nucleon of thorium is greater
than that for radium.

(ii) Find the mass defect of the reaction.

(iii)Find the energy equivalent of the mass defect and suggest
where the energy appears.

Answers
(i) Binding energy per nucleon for Th-228
Binding energy = mass defect (kg) X ¢ (n/s)?
= 166Ix107(90x1.007276 + 138 X 1.008665) - 227.97929 ) x (3xIC°F
=2.799x 10107
Binding energy / nucleon = 2.799 x 10-°J /228
= 1.223 x 10 J/nucleon

Binding energy per nucleon for Ra-224
= LO6IXI0Y((88 X1.00728 + 136 X 1.00867) - 223.97189') J X (3x 105}/ 224
= 1.233 x 10 *? J / nucleon

(ii)Mass defect = mass left hand — —
side of equation
= 0.00589 u
(iti) Energy equivalent = mass defect X c? = 8,80 x 10 J or 5.5 MeV
The missing mass appears as the kinetic energy of the
particles after the decay.

right hand side
of reaction

Exam Hint: When a decaying nucleus becomes ‘lighter’, you
could say that the nucleus has lost mass, but this is not the
mass defect. If you can show that the total mass of the product
nuclei is less than the reactants, then this difference is the
mass defect.

Fission

Fission means splitting up. It is possible to fission large unstable
nuclei by bombarding them with neutrons, producing 2 nuclei which
are more stable. This is the equation of a fission reaction which
takes place in nuclear power stations where the energy released is
used to generate electricity.

1 235 241 92 7. i
on+ ' U— " Ba+ i Kr+3,n

Exam Hint: Fission reactions. refer to the right hand slope of
the binding energy per nucleon / nucleon number graph.
Daughter nuclei are to the left of the parent nucleus because
daughter nuclei are smaller and more stable than the parent
nuclei.

Other types of mass-energy interactions

Fusion

Fusion means joining together. Energy is generated in stars such as
the Sun by fusion of hydrogen nuclei into helium nuclei. Here is an
example of a fusion reaction.

2 3 4 1
VH+1H—=,He+,n

Energy released by this reaction is 16.875 MeV

Attempts to discover how fusion reactions could be a source of
energy for power stations have been made over the past twenty
years, but so far without success.

Exam Hint: Fusion reactions refer to the left hand side of the
binding energy per nucleon/nucleon number graph. Products
of fusion reactions are larger and more stable than parent
| nuclei so are found to the right of the parent nuclei on the
graph.

Annihilation

When: a particle meets its antiparticle there is instant annihilation of
mass. The mass-energy of the pair appears as new particles and or
radiation. For example when an electron reacts with its antiparticle
(positron) 2 photons are produced which radiate in opposite
directions so that momentum is conserved.

Creating particles with mass

The opposite reaction to annihilation eccurs when a photon
materialises into an electron and positron. A photon’s energy is
related to its frequency by the equation:

E=hxf where E is energy in joules

h is Planck’s constant 6.63 % 10 *Js
f is frequency in hertz
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| Worked Example 3

If an electron has a mass 5.5 X 10 u, what is the minimum energy of a photon needed to create an electron / positron pair?

Solution
Energy equivalent of electron mass (J) = mass of electron (kg) X A(m/s)=2 x 5.5 x 10% x 1.661 x 10% x(3.00 x108 )2 = 1.6 x 1033 J

Related frequency = energy equivalent / Planck’s constant

f=1.6x10"7/663x10%Js =25 x10% Hz ( frequency in gamma wave range)

Practice Questions
Use the following data where necessary (1MeV = 1.602 X 10-2T, lu= 1.661x10?7 kg)

1. The output power of a nuclear reactor is provided by nuclear fuel which decreases in mass at a rate of 4 X 10 kg per hour. What is the
maximum power of the reactor?

2. (a) What type of reaction is shown by the equation? Give an example of where it could take place. *5,U —= it Ba+ 32Kr + 2} n

(b) Calculate the binding energy per nucleus of the parent and daughter nuclei given the following data: proton mass =1.00728 u ,
neutron mass=1.00867u

(c) Comment on your results in part b.

3. The energy released in this fusion reaction: H +1H - He +,n  is 16.875 MeV

Find the mass of } H given the following data:

H-2 nucleus=3.343 x 10?7 kg, He-4 nucleus = 6.645 X 102" kg,  neutron = 1.675 X 10 ¥ kg

4 Explain what is meant by 'decays spontaneously' and how consideration of the masses of particles involved in a proposed decay helps
in deciding whether the decay is possible.

5 Part of a graph of how binding energy per nucleon varies with nucleon number is shown:

10

Binding Energy
per nucleon
MeV)

%
/

40 80 120 160 200 240 280
Nucleon number

(a) State the value of the nucleon number for the nuclides that are most stable, giving a reason.

(b) Assuming that the fission of U-235 gives 2 daughter nuclei of roughly equal nucleon numbers and 200 MeV of energy, use the
graph to justify the figure explaining your reasoning,.

. - T EEEEE——h
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Answers

1. Find the energy equivalent of the mass used per hour. Then divide by 3600s to find the energy produced per second. (power in watts).

AE=Amc? =3.6x101])
Power = 3.6 x 101 J / 3600s= 100 MW

2 (a) Fission reaction, takes place in reactors of nuclear power stations
(b) Binding energy: U-235 = 92 x 1.00728 u + 143 x 1.00867u = 236.90957u

Ba-141=56x 1.00728 u + 85x 1.00867u=142.14463 u
Kr-92=36x1.00728u + 56 x 1.00867u. = 92.74760 u

{c) The combined mass of the daughter nuclei (234.89223 u) is less than the mass of the parent (mass defect). Hence energy will be

generated by this fission reaction.

3. Find the mass equivalent of 16.875 MeV.
Am=AE / ¢? = 16.875 MeV x 1,602 X 10-13J/ 9x 101 m?*/s? = 3,004 x 10 ® kg
- Mass of reactants = mass of products + mass defect
Mass of H-3 = Mass of products + mass defect — mass of H-2 = 5.007 x 10 kg,

4, Spontaneous decay means nuclear disintegration without any external stimulus,
Only possible if the mass of the products of disintegration is less than the mass of the decaying nucleus.

5. (a) Nuclei with higher binding energy per nucleon are more stable.
The graph shows the highest binding energy per nucleon at nucleon numbers of around 54-64.

(b) Graph shows binding energy per nucleon for nuclei with 240 nucleons is approximately 7.6 MeV whereas for nuclei with 120

nucleons. the level is around 8.4 MeV.
The difference in binding energy per nucleon: 8.4 MeV - 7.6 MeV = 0.8 MeV.
Each nucleus of 240'nucleons gives up 240 x 0.8 MeV =192 MeV (200 MeV to 1 significant figure)
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Nuclear Reactors

This Factsheet explains the process by which energy is released by
nuclear fission and how this energy is harnessed by a nuclear reactor.

Nuclear Fission

Nuclear fission is the splitting of an unstable, larger nucleus into two smaller
nuclei. In anuclear reactor the larger nucleus, which is usually an isotope
ofuranium, is unstable because it has too many neutrons. The uranium has
been made unstable as it has been forced to absorb an additional neutron.
The uranium nucleus has become unstable and split after absorbing a
neutron. This is called neutron-induced fission.

An example of a fission reaction would be:

235 1 141

92 1
U+ ot = sBa + ;Kr +3n

This nuclear transformation equation shows the uranium nuclei and the
neutron on the left hand side of the arrow. These are the reactants. In this
example, barium and krypton have been produced along with 3 additional
neutrons. These products are shown on the right hand side of the arrow.

Note how the total of the atomic number (the number written as subscript)
on both sides of the equation is the same, 92 + 0=92 and 56 + 36 + 0 =92
ontherighthand side. The atomic number represents the number of protons
in each nucleus. No protons have been created or destroyed so the total
number of protons remains the same.

Also, the total of the nucleon numbers (the number written as superscript)
on both sides of the equation is the same, 235 +1 =236 on the left hand side
and 141 + 92 + (3x1) = 236 on the right hand side. The nucleon number
represents the total number of protons plus neutrons in each nucleus. No
protons or neutrons are destroyed during fission so the total number of
protons plus neutrons remains the same.

05—'5-" Nuclear Fission

Nuclear fission is the splitting of a large, unstable nucleus into two,
smaller, more stable nuclei. Neutron-induced fission is the fission of a
large nucleus that has become unstable due to the absorption of an
additional neutron.

This energy isreleased in the form ofheat energy. This means that the product
nuclei and neutrons move away from the reaction with incredible speeds as
they have a lot of kinetic energy.

Consider the masses of the nuclei from the fission example given above:
Mass of uranium nucleus = 235.04 atomic mass units
Mass of a neutron = 1.01 atomic mass units.

So the total mass of reactants= 235.04 + 1.01
=236.05 atomic mass units.

Mass of barium nucleus = 140.91 atomic mass units
Mass of krypton nucleus = 91.91 atomic mass units
Mass of 3 neutrons = 3 X 1.01 = 3.03 atomic mass units.

So the total mass of products = 140.91 + 91.91 + 3.03
=235.85 atomic mass units.

Mass defect = mass of products — mass of reactants

=236.05 —235.85 = 0.20 atomic mass units

Now, one atomic mass unit is equal to 1.6605 x 10*” kg. This means that
the mass defect from our fission example is:

Mass defect = 0.20 x 1.6605 = 0.3321 x 10¥" kg
The energy released from this fission can now be calculated:

Energyreleased,
E = mass defect x ¢?
E=(03321 x 10¥) x (3 x10%)?=2.99 x 101" J

This amount of energy may not seem like a huge amount but you must
remember that this is for one reaction only and in a nuclear reactor there
willbe ahuge number of reactions occurring in a short space of time, leading
to a huge amount of energy being released.

oc'v-;v— Nuclear Transformation Equations.

In any nuclear transformation equation, such as the example shown
above for the fission of uranium, the total nucleon number and the total
atomic number on both sides of the equation must be the same.

How is energy released from nuclear fission?

When the total mass of all of the products in a fission reaction is calculated,
itisless than the total mass of all of the reactants. In other words the products
have asmaller mass than the reactants. Thereaction produces aloss of mass
called amass defect. Thismass defecthas occurred dueto arelease of energy
by the reaction, according to the equation:

E=mc> where

=

E = energy released (J)
m = mass defect (kg)
¢ = speed of light in a vacuum = 3.0 X 10° ms™.

05";-" Energy Release From Fission

When fission of a large nucleus occurs the products have a smaller mass
than the reactants. This apparent loss of mass or mass defect is released
as heat energy, giving the reactants large amounts of kinetic energy.

The amount of energy releasedis related to the mass defect by the equation:

E =mc where: E = energyreleased (J)
m = mass defect (kg)
¢ = speed of light in a vacuum = 3.0 x 10° m/s.

Exam Hint: When doing this sort of calculation, check you are using
the correct units - kg for mass, not atomic mass units

e
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Typical Exam Question
The nuclear transformation equation below represents the fission
of uranium.

2 1

35 146 87 1
U+ o1 = la + \Br +3n

(a) What is the missing atomic number of bromine? [1]
(b) Given the following masses of the nuclei involved in the fission,
calculate the mass defect, in kg, caused by the fission. 4]

Mass of bromine nucleus = 86.92u
Mass of neutron = 1.01u

Mass of lanthanum nucleus = 145.90u
Mass of uranium nucleus = 235.04u
1u = 1.6605 x 10?7 kg

(c) Calculate the energy released in joules from one fission of
uranium through this transformation. [2]

Answers

(a) In afission reaction the total atomic number must be equal before
and after the fission. Before the fission the total atomic number is
92+0 = 92. The total number after the fission must also be 92.
Missing nucleon number = 92— 57 =35 v

(b) The mass defect is found by calculating the difference between the
masses of all of the products and all of the reactants. To turnthe mass
defect into kilograms the conversion factor that is given in the
question is used.

Mass of reactants = uranium mass + neutron mass
=235.04 + 1.01 = 236.05u v*
mass of _  bromine lanthanum , mass
products mass mass neutrons
=86.92 + 145.90 +3(1.01) = 235.85u v’

Mass defect = mass of reactants — mass of products
=236.05-23585=020u v

Mass defect = (0.20)(1.6605 x 107) = 3.21 x 10 * kg v

(¢c) The energy released is calculated by using E = mc? /
E=mc? =321 x10%)3x10°)7 =289 x10"J

Chain Reactions

It has already been explained that when a neutron-induced fission occurs a
heavy unstable nucleus splits into two smaller nuclei. Usually, the fission
of a uranium nucleus also produces two or three additional neutrons. Each
one of these additional neutrons is now able to collide with anearby uranium
nucleus and cause a further fission. In turn each of these fission reactions
will liberate further neutrons that are able to cause further fission reactions.
The process can be self-sustaining by forming a chain reaction.

The diagram below represents the first few stages in a chain reaction:

Each time a fission reaction occurs there is a mass defect and a release of
energy. The process of fission takes a very short time, about 0.001 seconds.
This means that within a very short space of time there are a huge number
of fission reactions taking place, releasing a fantastic amount of energy.

Self Sustaining Chain Reactions

Not all of the neutrons that are produced by a fission reaction will go on to
cause further fission of otheruranium nuclei. Some neutrons will escape the
uranium into the surroundings.

If, on average, one neutron from each fission reaction goes on to cause a
further fission then the chain reaction will be just self-sustaining at a steady
rate and the reaction is called critical.

If, on average, more than one neutron from each fission reaction goes on to
cause a further fission then the chain reaction will very quickly spiral out
of control and become explosive. This type of reaction is called super-critical
and forms the basis of an atomic bomb!

If, on average, less than one neutron from each fission reaction goes on to
cause a further fission then the chain reaction will die out.

The number of neutrons that escape the uranium and do not cause further
fission reactions is dependent on two factors:

(1) The mass of uranium. A smaller mass has a larger surface area in
proportion to its volume and so there is a greater chance of a neutron
escaping the uranium with a smaller mass. The mass of a material
required to produce a self sustaining critical reaction is called the critical
mass.

(i1) The shape of the uranium. A long thin piece of uranium will allow a lot
of neutrons to escape but a sphere will keep more neutrons inside the
uranium for longer, giving them more chance to cause further fission
reactions. This means that the critical mass of a material depends on the
shape of the material.

The critical mass for uranium is about 15kg if the uranium is in the shape of
asphere. Thisisasphere with aradius ofabout 6cm or the size of a grapeftuit.
Slightly more uranium in the sphere would produce a super critical chain
reaction.

’-% Critical Mass

The critical mass is the mass of material required to create a chain
reaction that is self sustaining at a steady rate. This is called a critical
chainreaction andis created when one neutron, on average, from every
fission goes on to cause a further fission of a nucleus.

T —

first fission releases 3 more neutrons

[
/ One fission may release 3 neutrons.
S— ] These 3 neutrons will go onto cause
\‘ 3 further fissions releasing 9
) neutrons. These 9 neutrons will go
_— on to cause 9 fissions releasing 27
<‘ neutrons, etc, etc.
[ 4
L
[

second generation of fission releases 9 neutrons
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Nuclear Fission Reactors

The diagram below represents a simplified design of a gas cooled nuclear reactor:

Moderator

The important parts and components
ofanuclearreactor are labelled on the

diagram. The function of these

components are explained below

Fuel rods ~

Thick concrete shield ~

Heat exchanger

Moderator - In naturally occurring uranium only about 1 atom in 140 is a

uranium 235 (ngU)isotope. The rest of the atoms are uranium 238 (zin).

Uranium 235 requires comparatively slower moving neutrons to cause
fission. Uranium 238 requires comparatively faster moving neutrons to
cause fission.

The average speed of naturally occurring neutrons from a fission reaction is
usually somewhere in between these two speeds. Therefore, in a nuclear
reactor a moderator is used. This slows neutrons down to a speed that is
more likely to cause fission in uranium 235 nuclei.

The neutrons collide with the nuclei of the moderator and transfer kinetic
energy to the nuclei. Neutrons that have been slowed down by a moderator
are called thermal neutrons. Most reactors use graphite or water as the
moderator.

Control Rods - These are able to absorb neutrons from the reactor. Neutrons
that are absorbed by the control rods do not go on to cause further fission
reactions. The control rods can be moved in and out of the fuel to absorb
more or less neutrons. In this way the reactor can support a self-sustaining
reaction at a steady rate where only one neutron from each fission reaction
goes on to cause a further fission reaction.

If the nuclear reactor is producing too much energy and is in danger of
becoming super-critical the control rods are lowered further into the reactor
and they absorb more neutrons. Ifthe reactor is not producing enough energy
and is in danger of dying out then the control rods are lifted further out of
the reactor and less neutrons are absorbed.

Cadmium and boron are good materials to use as control rods as they are very
good at absorbing neutrons.

Coolant - The coolant that is labelled in the diagram above is a gas; carbon
dioxideisusually used, but water is also commonlyused. The coolant passes
through the reactor and becomes hot. The hot coolant then passes through
aheat exchanger. Inside the heat exchanger the coolant transfers its heat to
steam. The steam is then used to turn a turbine and drive a generator. The
coolant continually circulates around the reactor core, taking away the heat
energy that is produced so that it can be converted into electrical energy.

Fuel Rods - The most commonly used fuel is ‘enriched uranium’. This is
uranium that has had the proportion of uranium 235 isotope increased to
around 3%. The fuel rods are long and thin to facilitate the easy escape of
neutrons into the moderator. The moderator slows the neutrons down before
they return to the fuel rod and cause another fission reaction.

Thick Concrete Shield - This acts as a barrier to stop any neutrons escaping
from the reactor core. The thickness of the concrete is typically as much as
Smetres. This thickness of concrete will stop any neutrons, beta particles and
gamma photons, which are all produced in the core, from escaping. Neutrinos
can also be produced inside the core and these will pass through the concrete
but they are not harmful.

Choice of Moderator

The choice of material to use as amoderator is crucial in a nuclear reactor.
An effective moderator must slow down the neutrons quickly without
absorbing them. The kinetic energy of the neutron is reduced through
collisions with the nuclei of the moderator. If the moderator nuclei are too
heavy, the neutrons will simply bounce off and lose little kinetic energy.
Ifthe moderator nuclei are stationary and equal to the mass of the neutron
then the neutron will become stationary after the collision. An effective
moderator should therefore nave nuclei that are moving and have about the
same mass as a neutron.

Candidate 1 — Hydrogen Gas : Although the nuclei (single protons) are
moving and have the same mass as a neutron it is impractical to use a gas
as a moderator inside the reactor core.

Candidate 2— The hydrogen nucleiwithin water molecules : The hydrogen
nuclei are moving and have the same mass as the neutrons. Unfortunately
hydrogen nuclei are prone to absorbing neutrons to become the hydrogen
isotope — deuterium.

Candidate 3 — The deuterium nuclei within ‘heavy water’ molecules:
Water molecules can also be formed that use deuterium atoms instead of’
hydrogen atoms. These nuclei are only twice as heavy as the neutrons and
they are moving. The draw back is that ‘heavy water’ is inconvenient and
expensive to produce in a pure form.

Candidate 4 — Carbon Graphite: Carbon nuclei have about 12 times the
mass of a single neutron and so they are less effective at slowing neutrons
down. The neutrons have to undergo many collisions with the carbon
graphite nuclei before they are slow enough to cause fission in a
uranium 235 nucleus. Despite this drawback the carbon graphite is cheap
and easily obtained. It is for this reason that carbon graphite is used in
nuclear reactors as the moderator.

== Characteristics of an effective moderator material

An effective moderator material must slow down a fast moving neutron
to a speed that is capable of causing fission in a uranium 235 nucleus
through as few a collisions as possible with the nuclei of the moderator
material. This means that an effective moderator nucleus should be

moving and have about the same mass as a neutron.

Y \——
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Typical Exam Question Exam Workshop

The control rods, the coolant and the thick shield surrounding the This is a typical poor student’s answer to an exam question. The comments
reactor core are essential parts of a fission nuclear reactor. explain what is wrong with the answers and how they can be improved.
For each of these components: The examiner’s mark scheme is given below.

(i) explain its function
(ii) suggest one suitable material
(iii) give one essential physical property that the material must

Natural Uranium consists of 99.3%232U and 0.7% 2;§U . In many
nuclear reactors, the fuel consists of enriched uranium.

have. [12] (a) (i) Explain what is meant by enriched uranium. (1]
Answers Uranium with more fuel in it. 0/1
Control Rods This answer needs to be more specific. The fuel of a nuclear reactor
(i) Controlrods control the rate of reaction so that the chain reaction is is uranium 235. The proportion of uranium 235 is around about 3%

Jjust self sustaining or critical v in enriched uranium.

The controlrods do this by absorbing neutrons from the reactor core

so that, on average, one neutron from each fission reaction goes on (ii) Why is enriched uranium used rather than natural uranium
to cause a fuyther fission. To achieve a critical reaction the control in nuclear reactors? [2]
rods can b¥lowered and raised into the reactor core to absorb more There is more fuel in enriched uranium. 02

or less neutrons when required.
(ii) Cadmium is a suitable material. v
(iii) The control rod material must be a good absorber of neutrons.y’

Again, it is specifics that are lacking in this answer. No mention has
been made of fission and how fission of uranium 235 is the source of
energy release in the reactor.

Coolant
(i) The coolant transfers heat energy away from the reactor cor eV (b) (i) Explain how the rate of heat production is controlled in a
The coolant is taken to a heat exchanger where it is used to heat up nuclear reactor. Your answer should refer to the thermal
V' steam that will eventually turn a turbine and drive an electricity neutrons involved in the fission process. 3]
generator. The heat given out by the reactor increases if the control rods are
(ii) Water, or carbon dioxide gas.‘/ removed as there are more neutrons. When the control rods are
(iii) The coolant must have a high heat capacity to transfer as much heat inserted into the reactor there are fewer neutrons and the heat given
energy as possible.v’ out decreases. 13
Thick shield surrounding core This answer is insufficiently detailed for this number of marks - the
(i) Thethickshield prevents harmful radiation from escaping the reactor candidate should include more information about the role of neutrons
core. in fission as is indicated in the question.
The shield absorbs neutrons, beta particles and gamma photons that
are produced inside the core.V’ (ii) Explain why the nuclear fuel in a nuclear reactor is shaped
(ii) Concrete is a suitable material. v’ as many long thin rods. [4]
(iii) The thick shield must be a good absorber of radiation.v’ The neutrons must leave the fuel so that they can be slowed down
1/4
Qualitative (Concept) Test Again, what the candidate has mentioned is correct but there needs
1. What is nuclear fission? to be more detail in a question with this many marks.
2. Why is energy released during the nuclear fission process and in what
form is the energy released? Examiner’s answers
3. (a) With reference to the neutrons involved in the nuclear fission (a) (i) The quantity of uranium 235 is greater in enriched uranium than
process, under what circumstances would a chain reaction be just in naturally occurring uranium.
selfsustaining? (ii) The fission reactions occur in uranium 235 an?fo the amount of |
(b) Under what circumstances would a chain reaction become ‘super- available fuel is greater in enriched uranium.
critical? (b) (i) Each fission reaction releases 2 or 3 neutrons.
4. What two physical factors affect the critical mass of material that can Only one neutron from ever)\»/ﬁssion reaction is required to cause
undergo neutron-induced fission? Explain how each factor effects the a further fission reaction.
critical mass. The control rods absorb any neutrons that are not ;z/eeded to ensure
5. Inanuclearreactor whatare the functions of the following components: that the chain reaction remains at a steady rate.
(a) The moderator (ii) The neutrons must be slowed down by the modemfy’.
(b) The coolant The neutrons must therefore escape the fuel rods.
(c) The control rods Neutmy can more easily escape a long thin rod than any other
6. What are the characteristics needed by a good moderator, and why? shape.

Also, the long thin fuel rodyre more easily replaced, in stages,

Quantitative (Calculation) Test than a larger piece of fuel.

1. When *U is bombarded by neutrons, two possible fission products
95,927 139 N
are,,Y and gl. Quantitative Test Answers
(a) Give a nuclear transformation equation for this process.
(b) Given the following masses of the nuclei involved in the fission,
calculate the mass defect of the fission.

L@ “pU+ 0> S+ 5y 20 Y

(b) Mass of reactants = uranium mass + neutron n‘}ass

Mass of uranium 235 = 235.04u  Mass of yttrium 95 = 94.91u =235.04 + 1.01 = 236.05u
Mass of iodine 139 = 138.91u Mass of one neutron = 1.01u Mass of products= yttrium mass + iodine mass + mass 1‘1;utrons
lu=1.6605 x 10-27 kg =9491 + 138.91 +2(101) =235.84u
Mass defect = mass of products — mass of reactants
(c) Whatistheenergy,injoules, thatisreleased during one of the fission =236.05-235.84=0.21u v
reactions? Mass defect = (0.21)(1.6605 x 107) =3.49 x 10 28 kg
Acknowledgements: This Physics Factsheet was researched and written by Jason Slack. (C) The energy released is calculated by USing E=mc.
The Curriculum Press,Bank House, 105 King Street, Wellington, Shropshire, TF1 INU. E=mc= (349 X 102‘%(3 X 108)2 =3.141x 1017 \/
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Nuclear Transformations & Binding Energy

This Factsheet will explain:

e the concept of binding energy, and how it relates to nuclear
stability;

* how to use mass-ener gy equivalencein nuclear processes;

« theprinciplesinvolved in fission and fusion reactions;

Before studying this Factsheet, you should be familiar with basic

atomic structure and equations for nuclear processes including

radioactivity (covered in Factsheet 11 — Radioactivity 1).

Binding Energy

The protons and neutrons in the nucleus of an atom are held together by
the strong nuclear force (Factsheet 14 — Particle Physics). So if we
imagine splitting a nucleus up into its separate protons and neutrons, it
would require energy, because we would need to overcome the strong
nuclear force.

Since energy is conserved:

energy put into

energy of nucleus +  genargte nucleons =

total energy of
separated nucleons

Since energy is being provided, the separated protons and neutrons must
have more energy in total than the original nucleus. So if the nucleus
was formed from its congtituent particles, energy would be released.

’- Binding energy is the energy released when a nucleusis
formed fromits constituent particles

Binding energy per nucleon

Instead of looking at the total binding energy of a nucleus, it is often
more useful to consider binding energy per nucleon — in other words,
thetotal binding energy divided by the total number of nucleons.

For example, for the apha particle, the total binding energy is 28.4 MeV
Since there are four nucleons (two protons and two neutrons), the
binding energy per nucleon is28.4 +4=7.1 MeV.

The binding energy per nucleon gives an indication of the stability of
the nucleus. A high binding energy per nucleon indicates a high degree
of stahility —it would require alot of energy to take these nuclei apart.

Fig. 1 Binding energy per nucleon plotted against atomic no.
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Atomic Number (2)

Units

The standard Sl units for mass and energy — the kilogram and joule —
are too large to use conveniently on an atomic scale. Instead, the
unified atomic mass unit (u) and the electronvolt (eV) are used.

1 dectronvalt (eV) istheenergy tranferred to a free dectron
whenitisaccderated through a potential difference of onevolt.

mass of carbon-—12 atom
12

1 unified atomic mass unit (U) =

It is necessary to be able to convert these to Sl units:
1 eV = charge on electron in coulombs x 1 volt
=1.602x10%J
Since the mass in grammes of one carbon-12 atom is its atomic mass
(12) divided by Avagadro’s number (N, = 6.02 x 10%):
U = 12/6.02x10%
12

Exam Hint: You need to know how to work out the relationship
between electronvolts and joules, and between unified atomic

=1.66x10%g = 1.66 x10% kg

mass units and kilograms, but you do not need to remember the
actual figures.

As figure 1 shows, the binding energy per nucleon varies considerably

between nuclei.

¢ Nuclei near the peak of the curve are the most stable.

¢ Thecurve peaksat iron — 56.

» The graph of binding energy per nucleon against nucleon number is
similar in form.

Nuclear processes and binding ener gy

Processes such as radioactive decay, fisson and fusion involve the
nucleons being rearranged into different nuclei. If the new nuclei
produced have a higher binding energy per nucleon, then energy is
given out. All spontaneously occurring processes involve energy
being given out — i.e. the products have greater binding energy per
nucleon than the original nuclei.

Radioactive decay is a spontaneous process. It always involves a less
stable (i.e. lower binding energy per nucleon) nucleus decaying to form
a more stable nucleus. Energy is therefore aways given out in
radioactive decay - in apha-decay, for example, this energy is largely
in the form of the kinetic energy of the alpha particle.

Nuclear fission involves a heavy nucleus (such as uranium) splitting to
form two smaller nuclei and some neutrons. The nuclei produced will be
nearer the peak of the graph — so energy is released. Fission can only
occur with nuclei to theright of the peak.

Nuclear fusion involves small nuclel joining together to form a larger
one — again, some neutrons are usually produced as well. The nucleus
produced will always be nearer the peak of the graph — so again, energy
isreleased. Fusion can only occur with nuclei to the left of the peak.
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M ass-ener gy equivalence
Mass and energy are linked by Einstein’s famous equation:

-t

E = energy (J), m= mass (kg) and ¢ = speed of light ( =3 x 108 ms™)

This equation is most often used in connection with a change in mass. It
tells us, for example that a change in mass of 1kg is equivaent to a
changein energy of 1 x c?=9 x 10 J,

Example: Calculate the energy change, in eV, equivalent to a mass
change of 1u

1u=1.66 x 10%'kg
So energy changeinJ = 1.66 x 10" xc®= 1.49 x10°J
lev= 1.602 x10%J

1.49x107%°

W = 9.3x 108eV =930 MeV
. X

So energy changeineV =

M ass defect

This relationship between mass and energy means that since a nucleus
has less energy than its separated nucleons, the mass of the nucleus must
be less than that of its constituent particles.

The mass defect of a nucleus is the difference between the
mass of the nucleus, and the mass of its constituent particles.

The mass defect isrelated to the binding energy by:
Binding energy (J) = mass defect (kg) x ¢

All nuclei have a mass defect, apart from hydrogen — 1, whose nucleus
consists of just asingle proton.

The graph of mass defect per nucleon against atomic number is very
similar to the graph of binding energy per nucleon against atomic
number.

Example. The mass of an alpha particle is 4.00150u. The mass of a

proton is 1.00728u, and the mass of a neutron is 1.00867u

(a) Calculate the mass defect of the alpha particle

(b) Calculatethe binding energy of the alpha particle, giving your
answer in MeV.

(a) Total mass of constituent particles = 2 x (1.00728 + 1.00867)
= 4.0319u
So mass defect = 4.0319 — 4.00150 = 0.0304u

(b) 0.0304u = 0.0304 x 1.66 x 10°'kg = 5.0464 x 10> kg
Binding energy (J) = 5.0464 x 10°%° x (3 x 10%)? = 4.542 x 104
Binding energy (eV) = 4.542 x 10"2/(1.602 x 10°%°) = 2.84 x 10" eV
So binding energy = 28.4 MeV

The mass defect for a reaction may aso be considered; this is the
difference between the total mass of the products of the reaction and the
total mass of the reactants. The equation E = mc? can be used to work
out the energy released , once the mass defect is known.

Since spontaneous nuclear processes always involve energy being given
out:

P

A spontaneous decay process alwaysresultsin particles
with alower total mass.

Calculation of the energy released in nuclear processes

To caculate the energy released in a process, the mass defect in
kilograms should first be calculated, and then the equation E = mc? used
to find the energy released.

Example 1: Calculate the energy released (in joules) in the process:
Z28Th - 2Ra+3He

Masses. thorium-228=228.02873u radium - 224 = 224.02020u
helium - 4 = 4.002603u

First we must find the mass defect:
Mass defect =( 228.02873 — 224.02020 — 4.002603) u=5.927x 10°u
Mass defect in kilograms = 5.927 x 10 x 1.66 x 10
=9.839 x10% kg

So energy released = mass defect x c2
=0.839 x 10 x (3 x10%)2 = 8.85 x 10™%J

Typical Exam Question
The nuclear equation shown below represents the decay of radium
toradon with the release of energy.

Z°Ra—%22Rn+3He
(@ Show, by appropriatecalculations, that radon ismorestable
than radium. [5]
(b) Calculatethemassdefect, in kg, for thisreaction. [2]
(c) Calculatetheenergy reeased in thisreaction. 2]
(d) Calculatethemassof radium (in kg) required toreease2000 M J
of energy (ignoreener gy reeased by decaysof radon) [3]

In answering this question the following data may be useful
Masses: °Ra = 226.02544u 2Rn = 222.01761u

“He= 4.002603u 1u = 1.661 x 10 *'kg

neutron = 1.008605u proton = 1.007276u
c=3.0x10%ms™ Avagadro’s number N = 6.02 x10% mol *

(a) Tofind the binding energy per nucleon of Ra:
Constituent nucleons: 88 protons + 138 neutrons
Mass of constituents = (88 x 1.007276)u + (138 x 1.008605)u
= 227.827778 v*
Mass defect (mass of constituents — mass of nucleus):
= 227.827778u —226.025u = 1.802778u v~

To find the binding energy per nucleon of Rn:
Mass defect = (86 x 1.007276 + 136 x 1.008605) — 222.01761
= 1.778406u v~

So forRa, mass defect per nucleon = 1.802778/226 = 7.977 x 1073y,
for Rn, mass defect per nucleon = 1.778406/222 = 8.011 x 10°u

Thistells us that the mass defect per nucleon (or binding energy per
nucleon) is higher for Rn, so it is more stablev”

(b) Mass defect =(226.02544- 222.01761-4.002604)u =5.227x10°uv"
Mass defect (kg)=5.227x 10 x 1.661 x 10%'=8.68x 10 kg v

(c) Energy released = mc? = 8.68 x 10 x (3.0 x 10%)2v~
=78x108Jv

(d) Number of atoms of Ra required = 2000 MJ/ 7.8 x 103 v
=2x10°/7.8 x10"= 2.6 x10*

Mass of Ra required = 2.6 x 10?1/ 6.02 x 10® x 226 v
=0.98g=9.8x10%kg v

Tip: To convert a number of atomsto a mass:
e Dividethe number of atoms by Avagadro’s number
e Multiply the answer by the atomic mass

This gives the massin grammes.
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Example 2: Uranium-235 undergoes fission according to the equation
%80 +n — ERb+ECs +24n
(a) Calculate the energy given out by thisreaction, giving your answer
in electronvolts

(b) Calculatethe energy given out by the fission of 1kg of uranium-235,
giving your answer in MJ.

Masses: 25U : 235.044u

2Cs: 137.920u
c=3.0x108ms?

2 Rb: 95.933u
on: 1.009u

(a) Massdefect = (235.044 + 1.009 —95.933 — 137.920 — 2 x 1.009)u
= 0.182u
Mass defect in kg = 0.182 x 1.66 x 102" = 3.0212 x 102 kg
Energy given out in joules = 3.0212 x 102 x (3 x 10°)?
= 2719 x10™J
Energy given out in electronvolts= 2.719 x 101Y/1.602 x 10°%°
=17 x10%eVv

Tip: When you convert from J to €V, you should always get a
larger number. If you do not, you have probably multiplied by
1.602 x 10" instead of dividing.

(b) Need to find number of atoms of uranium-235 in 1kg:

Tip: To convert a massto a number of atoms:

e dividethe massin grammes by the atomic mass
*  multiply the answer by Avagadro’s number

Number of atoms = 1000/235 x 6.02 x 10 = 2.56 x 10?*
So total energy released = no. of atoms x energy released per atom
= 256 x 10 x 2,719 x 101

= 6.96 x 10%°J

= 6.96 x10°MJ

Typical Exam Question

In anuclear fusion reaction, a nucleus of deuterium (hydrogen —2)
coalesces with atritium nucleus (hydrogen — 3). A helium nucleusis
formed, together with another particle.

(a) Identify the other particle formed and write an equation for the

reaction. [2]
(b) Calculatethe energy evolved in thereaction, giving your answer
inMeV (5]

Combined mass of deuterium and tritium nuclei = 5.031u
Combined mass of the particles produced in thereaction = 5.011u
1u = 1.661 x 10%kg

Speed of light ¢ = 3.000 x 10® ms*

Electronic charge e = 1.602 x 10°°C

(@) IH+H - JHe+?
Sncethe Z and A values must balance, the particle produced has
a nucleon number of 1 and proton number of 0 [7 it isa neutron.v”

Sotheequation is 2H +3H — JHe+on v

(b) Mass defect = 5.031 —5.011 = 0.020uv”
Mass defect in kg = 0.020 x 1.661 x 10" = 3.322 x 10 kg v
Energy produced = 3.322 x 10%° x ¢? = 2.9898 x 10°2)v
Energy produced in eV = 2.9898 x 10°%%/ 1.602 x 10™%° v
= 1.87 x10"eV
= 18.7MeVv

Fission and fusion

Nuclear fission and fusion both release a great deal of energy (see
previous examples); their use as power supplies is therefore of great
interest. Both fission and fusion produce a much greater amount of
energy per kilogram of fuel than do “conventional” energy sources such
as fossil fuel combustion; for example, the fission of 1 kilogram of
uranium-235 releases the same amount of energy as the combustion of
about 25000 kg of coal.

Fission
Fission of uranium — 235 is used to produce power. In this reaction, a
neutron hits the U-235 nucleus, which then splits to produce two smaller
nuclei, more neutrons and energy (mainly in the form of kinetic energy
of the daughter nuclei and neutrons). The smaller nuclei formed may
vary; one example is shown in example 2 on the left and another is
shown below:

2 U+in S Ba+dKr +2in
The number of neutrons may also vary; it is generaly two or three, with
an average of about 2.6.

The neutrons given off in the fission of the U-235 atom may then go on
to hit other atoms, causing them to undergo fission in turn, which
produces more neutrons, causing more fission etc. This is known as a
chain reaction. To produce power, the chain reaction must be
maintained, but controlled. To maintain the chain reaction, a minimum
of one neutron from each fission reaction should go on to cause another
fission; to control it, there should not be more than one neutron causing
further fission. An uncontrolled chain reaction produces a nuclear bomb.

To maintain a controlled chain reaction, the following problems must be

overcome:

e If the amount of fission material istoo small, too many neutronswill
escape. The minimum acceptable amount of fission materia is
caled thecritical size.

e The neutrons required to cause fission are slow neutrons, but the
neutrons produced by fission are quite fast. So the neutrons
produced have to be slowed down.

e Naturaly occurring uranium contains only a small proportion of
U-235; the commonest isotope, U-238, absorbs neutrons without
undergoing fission. So the proportion of U-235 needs to be
increased before uranium can be used as fuel.

Fission is carried out in a thermal reactor (fig 2). The components of
this reactor are used to ensure a controlled chain reaction is maintained.

Fig 2. Thermal Reactor
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e The fuel rods are made of enriched uranium — that is, natura
uranium with extra U-235 added.

e Themoderator slows down the neutrons produced in fission so that
they can stimulate further fission. It is made of graphite (or
sometimes water). The neutrons are slowed down by their collisions
with carbon nuclel in the moderator; some of their energy is
transferred to the moderator, which gets hot. The Slow neutrons are
known as “therma neutrons’, because they move a speeds
associated with thermal motion; they give the therma reactor its
name.

e The control rods are made of a substance, such as boron, that
absorbs neutrons. They are used to control the chain reaction, to
ensure too many neutrons do not cause fission. They can be raised
or lowered to speed up or slow down the reaction.

e Thecoolant - usualy water or pressurized carbon dioxide - is used
to remove energy from the system. The heat generated in the fuel
rods is transferred to the coolant by conduction; this transmits it to
the heat exchanger, where it is used to convert water to high
pressure steam, which is used to drive a turbine to produce
electricity.

* The concrete shielding absorbs the nuclear radiation; it is necessary
because of the danger nuclear radiation poses to living creatures.

There are environmental hazards associated with nuclear reactors;

they include:

e If radioactive gases or dust escape into the atmosphere, they can be
readily absorbed by humans and animals via food, water or
breathing.

e Used, “spent” fuel rods contain many radioactive decay products;
accordingly they must be stored securely to prevent their being a
hazard. Some of these decay products have very long half-lives, and
hence must be stored for thousands of years.

« If the chain reaction in afission reactor is not controlled, the reactor
may act as abomb.

The benefits of fission reactors include:

e A great deal of energy is produced from a small amount of fuel

¢ Fisson does not produce the gaseous waste products (carbon
dioxide, nitrogen and sulphur oxides) associated with combustion of
fossil fuel.

e Suitablefuel isnot in such short supply asfossil fuels.

Fusion
Fusion involves two light nuclel combining to form a heavier one,
together with energy and one or more neutrons. It is the process which
produces energy in the sun. One such reaction involves the fusion of
deuterium (hydrogen-2) and tritium (hydrogen-3) nuclei to form a
helium nucleus, a neutron and energy:

ZH+3H ~ jHe+in

Fusion reactors are not yet in existence; it is much more difficult to
achieve and control fusion than fission. This is because it is necessary
to overcome the repulsion between the nuclei. This requires avery high
temperature — 100 million K or above. Normal containers cannot hold
anything as hot as this; containing this material by magnetic fields is
one possihility.

Fusion has a number of advantages:

« Fusion is amore productive energy source than fission per kilogram
of material.

e Theraw materials for fusion can be obtained from seawater.

¢ Thewaste products are not radioactive.

¢ Uncontrolled chain reactions cannot devel op.

This Factsheet was researched and written by Cath Brown.
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prior permission of the publisher. 1SS\ 1351-5136

Exam Workshop

This is a typical poor student’s answer to an exam question. The
comments explain what is wrong with the answers and how they can
beimproved. The examiner’sanswer is given below.

(a) Explain the purpose of the moderator in athermal reactor. [2]

To slow down neutronsy” to stop the reaction going too fast« ~ 1/2

This is a common mistake — the neutrons have to be slowed down
to allow the chain reaction to take place, not to control it.

(b) Suggest a suitable radioactive source for thisreactor [1]

Uranium« 0/1

Not specific enough —only U-235 is suitable, not U-238

(c) Suggest two advantages and two disadvantages of the use of
thermal nuclear reactorsrather than fossil fuelsto generate
electricity. [4]

Disadvantages: dangerousx waste must be stored for along timev”
Advantages: no pollution* doesn't rely on fossil fuelsv” 2/4

“Dangerous’ is not specific enough — how and why is it dangerous?
“No pallution” is not specific enough either — the candidate should have
specified which forms of pollution are reduced.

(d) Explain how the energy released by a nuclear fission reaction is
calculated, including a suitable equation. How reliableisthis

calculation? [4]
Using E = mc?v
There may be rounding errors, making it inaccurate x 14

The candidate should have realised this was not enough for 4 marks!
Questions on the reliability of a calculation must always be
answered specifically to the context — rounding error can apply to
any calculation in physics.

Examiner’'s Answers

(a) Sows neutronsv”so that they are more likely to cause fission.v”

(b) Uranium-235 v~

(c) Advantages: high energy density, does not produce pollutants
carbon dioxide/nitrogen & sulphur oxides. v'v*

Disadvantages: Any two of: waste products dangerous, danger of
meltdown, storage of waste products a problemyv”

(d) Thereisa mass defect for the reaction v"which allows the energy
released to be calculated by using E = mc®v This calculation
ignores the energy produced by later reactions of fission products
and so may or may not bereliable. v

Questions
1. Explain what ismeant by binding energy and mass defect, and state
an eguation connecting them.

2. Sketch the curve of binding energy per nucleon against proton
number, and explain how it can be used to predict which atoms will
undergo fission and which will undergo fusion.

3. Explain the principles of operation of athermal reactor.

Explain what ismeant by nuclear fusion, and give two advantages
of fusion over fission as an energy source.

5. 28U decays by aphaemission to give thorium. Calculate the

energy emitted, giving your answer in MeV.
(Masses: U-238, 238.0508u; Th-234, 234.0437u; He-4, 4.00260)
1u=1.661x 10 kg; ¢ = 3.0 x 10 ms*
Answers
1 -4 can befound in the text.
5. Mass defect = (238.0508 — 234.0437 — 4.0026_u = 0.0045u
Mass defect = 0.0045 x 1.66 x 102" = 7.47 x 10% kg
Energy injoules=7.47 x 10%¥ kg x ¢ = 6.723 x 103
Energy in eV=6.723x10"%/1.602 x 10%° = 4.20 x 10%V = 4.20 MeV

——— e
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Radioactivity — an introduction

This Factsheet will explain the nature, properties and effects of Atoms — a reminder
radioactive emissions, the concept of half-life and the hazards and An atom containgrotons, neutrons, andelectrons the properties

benefits of radioactivity. of these are shown in the table below.

What is radioactivity? éj Particle (symbol)] Mass (atomic mass units) Charge
Radioactivity involves the spontaneous (in other words, occurrin (units of 1.6x 10%°C
without outside interference) emission of an alpha or beta particle frofh proton (p) 1 +1

the nucleus of an atom, causing the proton number (see box) of the at§nheutron (n) 1 0

to change. An individual radioactive decay therefore always involveR electron (e) ~0 1

one element changing to another element.

Radioactive decay may also be accompanied by gamma emission. Thig N€ nucleus of the atom contains the protons and neutrons, wijgch
is how the nucleus rids itself of excess energy if it is in an excited stafe 2'® known collectively asucleons The nucleus is the only part of

after emitting an alpha or beta particle. the atom involved in radioactivity.

The properties of alpha and beta particles and gamma rays are shown ifwo numbers are used to describe the particles in the nucleus:

Table 1. As the table shows, they differ significantly in their + A —thenucleon number(or mass humbe}

+ range — how far they travel, or how easily they are stopped ¢ Z —theproton number (oratomic humber)

¢ ionising ability — their ability to “knock” electrons from atoms that [ So, if an atom has A = 13 and Z = 6, then it would have 6 protins,
they collide with, turning them into ions. and 7 neutrons (since protons + neutrons =TAg proton number

These are important in considering health risks tells you which element the atom is- so for example, any ato

with proton number 6 is a carbon atom.
Table 1. Properties of alpha, beta and gamma radiation.

Type of Consists of Range lonising We write an atom of element X with nucleon number A and progbn
radiation Propertie number Z as3 X - so an atom of oxygen with 8 protons and
S
alpha | helium nuclei —i.e. 5 cm in air — can be| Highly neutrons in its nucleus is writtd§ .0
(o) 2 protons + 2 neutrons stopped by a thick | ionising + Isotopes of an element have the same proton number, Rut
sheet of paper different nucleon numbers — so they have the same numb@ of
beta | fast electrons ~Up to afew metreg Less than protons but different numbers of neutrons. Common examffiles
®) In air — can be « of isotones ard?c and2¢ and 3¢l and3lcl
stopped by a few
millimetres of
amma | very high frequenc gliﬁmi:‘?clzl;rrllll Weak — Where does radioactivity come from?
9 (an)(lj sog high ?ener Y redgced b yseveral much Radioactivity comes from both natural and man-made sources. Man-
(Y) electroma r?etic wavge): metres of zoncrete less than made, ‘“artificial” elements with very large nuclei are always
9 T or several cm of ’ radioactive, but many naturally occurring elements (or particular
lead B isotopes of elements) are radioactive too.

This naturally occurring radiation means that we are exposed to a low
level of radiation constantly; this is callbeckground radiation.

Tip: In beta emission, the electron confiesn the nucleus It is notoneg

of the electrons from the atom.

What sort of atoms decay? ’" Sources of background radiation include:

Atoms that decay radioactively are knowruastable those that do no

arestable Atoms may be unstable because:

+ they are too large (with a larger nucleus than lead)

+ the balance between protons and neutrons is not right. In small
stable atoms, there are roughly the same number of protongja d*
neutrons, whilst in large stable atoms, neutrons always outnu
protons.

This will be covered in more detail in later work on radioactivity.

# rocks, such as granite

+ radon gas, which is formed in the ground
¢ cosmic rays, which come from space
artificially produced radioisotopes
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Effect of radiaoctive decay on the nucleus — nuclear eg: Fluorine is bombarded withparticles to produce sodium —22:

equations

g

e Alpha decay removes 2 protons and 2 neutrons from the n
— so Z, the proton number, decreases by 2, and A, the n
number, decreases by 4.

¢ In beta decay, a neutron in the nucleus emits an electron al
changes to a proton. So Z increases by 1 and A stays the

¢ Gamma radiation only involves the emission of energy, and
does not change either A or Z.

Radioactive decay can be representenliciear equations

eg: o decay of radon 204:

28RN > 2%9Po + 40
The atom we start The atom produced alpha
with — radon 204 after decay — particle

polonium 200

[ decay of beryllium 10:
'4Be > gB + 1p

Thea particle may also be written ésHe (as it is a helium nucleus).

The particle may also be written a_%e (as it is an electron)

Tip: Check your finishedguation is right by checking that the A
values add up to the same on both sides, and the Z values add

to the same on both sides.
Always put the A and Z values on for the emitted particles as we|

Radioactive decay series _ )
In some cases, the atom produced is also radioactive, and so decayifhnumbers of dice we'd expect to decay on each throw are shown in
its turn. This process continues until an atom is produced that will b€ table and graph below:

decay. If the initial atom has a large nucleus, then the fimah-
radioactive atom in the series will be a stable isotope of lead.

. 238 o 23 234 234 a_ 230 o 226
eg: 52U gA(I)Th P 91Pa P 90U goTh——) ggRa...

Artificial radioactivity

S F+5a—>7Na
Sodium — 22 then decays by positron emission to form Neon — 22
22 Na—>23Ne+Je

) Determine the values of y and z

P

eypical exam question

The following nuclear equation represents the decay of uranium to

thorium: 280 — Zgrth + ¥X

: . ; (2]

(b) Identify the particle X [1]

(c) Q represents the energy released in this reaction. Which two
forms does this energy take? [2]

(d) The thorium also decays by3™ emission forming an isotope of
palladium (Pa). Write the nuclear equation for this decay. [2]

(@)y=238-234=4v"z2=92-90=2"
(b) The particle has 4 nucleons and 2 protons
It is an alpha particle or He nucleus’
(c) Kinetic energy of the alpha particlé Gamma radiation”

(d) 236Th — 23lPav+ g v+ (energy )

Decay law and half life

Radioactive decay is eandom process — it is not possible to predict
when a particular nucleus will decay. We can get a picture of how this
works using another “random” process — throwing dice.

Imagine you have a large number (say 6000) of normal dice. Each dice
represents a radioactive atom, and we will say a dice has “decayed” (to
give a stable product) if it shows a 1 when it is thrown. Of course, the

dice are not a perfect model — radioactive decay goes omuaously,

not just at set time intervals, and may produce radioactive products.
However, it is close enough to be useful.

All the dice are thrown. About one sixth of the dice, or about 1000 dice,
will show a 1 — so these atoms have decayed.

as the atoms. This helps you to make sure you get the equation fight.

There are 5000 “uretayed” dice left. They are thrown again — again,
about one sixth of them will show a 1, aretdy. The decayed dice are
removed, and the process is repeated.

Radioactive isotopes can be created by bombarding naturally occurrin
atoms with particles such as neutrons (used in a nuclear reactor), protons
or a particles. Nuclear equations can be written for this type of process
in exactly the same way:

eg: gg Cu+é n—>g§‘Cu—>%Zn+_g[3

Some artificially produced isotopes decay by emittingoaitron —
which is a particle identical to an electron, except that it is positively
charged (in fact, it is thantiparticle of the electron). This is known as
positron emission, op* decay. In positron emission, a proton emits a
positron, thus changing into a neutron, so the proton number decreases
by 1, and the nucleon number remains unchanged.

Throw | No. of Decayd Throw No. of Decays
1 1000 335
2nd 833 & 279
3 694 Ei 233
40 579 14 194
50 482 1 162
6" 402 13 135
1200+
10004 e
» 800 - ¢
= .
& 600 *
O .
© 400 ~ .
*
i .
200 * .,
0 T T 1
0 10 15

number of throws
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Key points to note:

¢+ We can predict that the actual results of throwing the dice wolldp: If you are told to plot a graph of something against somethin
give results very much like these. However, we have no idea whidting givenfirst (in this case, count rate) goes on haxis
dice will “decay” on any one throw, or how long a particular di
will take to “decay”.

¢ The probability of any dice “decaying” is always the same — it ighe table below shows the corrected count rates:

Time (s) 0 10 20] 3J 44 5

Count rate (counts per secong) 16.1 18.2 11.0 (9.1 |7.6 | 6.2

the

% . So the number of dice decaying each time will beua ; of

the dice that are left.
¢ The graph produced by the dice has a characteristic shape — itis 18

called an exponential eday curve. (see Factsheet 10 -

Exponentials and Logarithms — for more on exponentials) 16

Radioactivity behaves very much like the dice — there is a constant 14

probability of a nucleus decaying, so the number of nuclei decaying is \”\
proportional to the total number of them. The numbereafgs per 512
second of a sample is called #stivity, and is measured in bequerels

(Ba)

10

’" The number of atoms decaying over a given period is a consfant
fraction of (or is proportional to) the number remaining.

Counts per sec
[e0)

This is expressed in an equationfas AN 4

where A = activity,L = decay constant (which is the probability of #ny

given atom of that element decaying in oneose} and N = no. 2

undecayed atoms. 0

This equation leads to axponential decay curve 0 10 20 30 40 50

Time (seconds

Now we measure two or more half-lives from the graph. For example,
could choose to find the time taken for the count rate to decline from
‘to 8, and from 14 to 7. We then average the values.

Tip: You must remember that the atoms decaying do not disap
they change into another element, which may or may not be radio tiY

om graph:
time taken to decline from16 to 8 is 37 seconds.
time taken to decline from 14 to 7 is 45 — 7.5 = 37.5 seconds.

An exponential dcay curve has some very important properties; thegé
will also come up elsewhere in Physics.

o~

¢ Activity never decreases to zero
¢ There is aconstant half life — for a given radioactive element, tfle
time taken for the activity to halve will always be the same. (Soll for
example, it would take the same time for activity to decrease
400 Bq to 200 Bq, as for activity to decrease from 200Bq to 10

¢ The half-life in seconds is given by, = % where Ais the

:

So our estimate is the average of these values — 37.25=37 sec(2 SF
(since the original data was given to 2 SF, it would not be appropriate
to use any greater accuracy in the answer).

y

rﬁ'ip: You mustalwaysuse corrected count ratés any
half-life calculations. If you are told the background count, use it!

decay constant. (This equation will be justified in later studies) § Example 2. A sample of carbon 14 has an activity of 40 Bq
a) After 17 100 years, the activity of this sample will have fallen to

5Bq. Calculate the half life of carbon 14.

Calculations involving half life

Calculations involving half life may require you to: b) After how many more years will the activity of this sample have

¢ determine half-life from a graph fallen to approximately 0.078Bq?

¢ determine half life from count rates

¢ determine count-rates or time, given the half life. a) We need to work out how many half-lives are required for the activity
The following examples illustrate these. to fall to 5Bg.

Example 1. The table below shows the count rate for a radioactivetg— 12,20 T2 ,10 Tuz g5
isotope. The background count rate is 0.6 counts per second.

Time (s) 0 10 20 | 30| 40 50 So017100 years = 3 half-lives.
Count rate (counts persecond) 16{7 138 116 B.7 [8.2 |6.80 half-life = 17 106:3 = 5700 years.

Plot a graph of corrected count rate against time and use it td) 52 2.5-21.25 0.6252 0.3125- 0.1562520.078125
determine the half life of the isotope. So it takes another 6 half-lives = 34 200 years.

—_—m—m—— e e
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Typical Exam Question Typical Exam Question .
The half life of a sample of radioactive material is related to its | (&) Sketch a diagram of the apparatus that could be used in
decay constant by the equation: a school laboratory to determine the half-life of a radioactive
069 sample. [3]
Ty = o (b) State the measurements that are required to accurately
. . determine the half-life. [2]
@ Expl_aln the meaning of the symbols: (c) Explain how the measurements would be used to determine
() Tue (1] the half-life for the sample. 3]
(i) A o ) (1] (@) Diagram should include radioactive sourceand GM tube’
(b) A sample of“"Na has a half-life of 234 hours. connected to ratemetér
Calculate the radioactive decay constant fof'Na (2] (b) For this sample the count rate should be recorded at inter¥als o
] ) ] 10s (5-20s) for 300s.v”
(@) (i) Ty: Half-life, the average time for the number of undecayef (c) Plot a graph of count rate against tinfe
atoms or nuclei to be reduced to half their initial numbeér. Find, from the graph, the time for the count rate to hélf
(ii) 4: Decay constant, the constant of proportionality in the Repeat using different intervals of halving ( 1600 to 800, 100p to
relationship: activity «c number of undecayed atoms 500 etc.)v” Average the results
(b) 21 =1In2/(234x3600)v'=8.2x107'stv ' '
EXperimentS W|th radioaCtiVity Absorption of o radiation.
A Geiger-Muller tube (G-M tube) attached to emtemeter is used t0  After the background radiation has been measured, the sourfe is
detect radioactivity in the school laboratory. It is used to measure {h@ally placed close to the GM tube and the average reading nfjted
radioactive count-rate per second (which is proportional to the numhgfer a short period. This is repeated, moving the GM tube away flom
of emissions per second). the source in 5mm steps, until the count rate has returned tdf the
background level (or the corrected count rate is zero. Materials guch
Some errors arise in the use of the GM tube because after it b@s’paper or metal can be placed between the source aralittierco
registered one count, there is a short interval (known adethet time) ~ demonstrate absorption; in this case the GM tube must be lessithan
before it can register another, so any decays occurring in this period g¢g from the source.
not registered. This problem is most noticeable when tdatcrate is
high. Absorption of f radiation
The same procedure as farradiation can be followed, except th
Radioactive sources for experiments are always supplied in a holdég steps by which the GM tube is moved away need to be lorger,
and have low levels of activity. When not in use, they are stored insidsiace the range df radiation is much greater. Various thicknessejof
lead “castle”, in a woden boxaccordingly they will prevent no danger aluminium foil can be placed between the source anddheter to
when stored. The followingsafety precautions must always be determine the required thickness for total absorption.
observed when handling radioactive sources: i o
Absorption of y radiation
o always lift with forceps Gamma radiaf[ion is only absorbed_to any extent by lead; th_e thick@ess
+ hold so that the open end is directed away from the body of Igad reqwreq can be .determlned in the same fashion adgythe
+ never bring close to the eyes previously described experiments
. . i Range ofy radiation in air
In all experiments, it is necessary to first measure bhekground  gamma rays are not absorbed to any great extent by air; fheir
radiation for a short time and obtain an average value. This Vameiiﬁensity falls off with distance according to an inverse square laf -
then subtracted from all future readings to give the count rate due to {h&her words, the intensity is inversely proportional to the squar] of
source alone — theorrected count rate the distance from the source. This gives the equation:
In any experiment aiming to measure the count rate for just one type of = Lz , Where k is a constant.
radiation (in other words, for just, justp or justy), it is necessary to o d i ) i
ensure that the other types of radiation do not “interfere”: This is demonstrated by placmg a GM tube at various distances fom
a gamma source and measuring the count rates. The count ratfs are
+ To obtainy alone, a cover disc of aluminium over the source wilfO"ected for background radiation. A graph is then plottedgof
absorb any cor B produced (NB: jis never produced alone, so thiscorrected count rate (y-axis) againsi—. This should give an
will always be necessary). d
approximately straight line.
¢ An o or 3 source can be selected that does not gmaitiiation, but L . . .
it is also necessary to consider any other products in the radioactw ors — resutting n the graph not t_)elng _exactly a straight line e
o . . due to the source itself having a size — in other words, not beiflg a
decay series; if an. emitter produces aeday poduct that is also “noint source” to the GM tube’s dead time., and to tieloan nature
radioactive, the count-rate of theahy poduct will also be included of decay v
in any measurements. This is addressed by selecting a source For '
which all the decay pducts in the series have much longer halfpmeasuring half life
lives (and so a low, roughly constant activity rate) over the time @fiter the background count has been measured, the sour@ési
the experiment, or much shorter half lives (so almost all of thgose to the GM tube. Counts are taken at 10 second intervals, #hd a
atoms decay within a very short time-scale). graph of corrected count rate (y-axis) against time (x-axis) carff be
produced. From the graph, a number of values for the half-life caj§ be
Exam Hint: Examination questions about experiments require found; an average of these produces a suitable estimate. (Infjater
essential practical details, such as precautions, how frequently work, an alternative, more accurate approach will be used).
measurements are taken and sources of error.
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Uses of radioactivity
Carbon dating

Carbon-14 is a naturally occurring beta-emitter with a half-life of 5]
years. It is formed in the atmosphere from nitrogen, due to the acti
cosmic rays, and becomes incorporated in radioactive carbon dioxid

During photosynthesis, plants and trees take in carbon dioxide fron
atmosphere; this includes carbon-14. The amount of carbon-14 pr
as a proportion of the total amount of carbon will be, on average
same in a living plant as in the atmosphere as a whole.

However, when the plant dies, it stops interacting with the atmosp
so it doesn’'t acquire any more carbon-14. The activitity level t
declines exponentially. By measuring the residual activity, it is poss
to estimate how many half-lives there have been since the plant
and hence how long ago it lived.

Carbon-14 is particularly suitable for this use due to:

+ its presence in all living things

+ the length of its half life — sufficiently short that changes can
observed over thousands of years, but sufficiently long that the
still significant residual activity after this period.

This method assumes that the proportion of carbon-14 in
atmosphere has stayed the same; this depends on whether the am
cosmic rays penetrating the atmosphere was the same.

Radioactive tracers

Radioactive tracers are used to follow the path of apoamd in a
system such as pipelines or the human body. They rely on the faq
radioactive isotopes behave identically to non-radioactive one
physical and chemical processes. For example, a radioactive trace
be used to detect a leak in a pipe, since the count-rate will inc
where the leak occurs as the pipe will bloc&ndp emissions.

A y emitter would not be suitable, since the pipe would not block {
Isotopes used for this purpose need to have a suitable half-life, s
the count rate will not become so low as to be almost undetec

Exam Workshop
This is a typical poor student’s answer to an exam question.

robnproved. The examiner's answer is given below.

N Tfp number—>238 ) and 235y are radioactive isotopes of Uranium,
€. Bottom numbe

h {Re State the correct terms, and meanings of, the 'top number' and

bsentbottom number'. [4]
the top number: number of protons + neutrofis
bottom number: number of protoms 2/4

Although the student knows what the numbers mean, s/he hal
out by not giving the correct terms — not reading carefully, perhg

[2]
1/2

nere
nen

i

Explain the meaning of the term 'isotope'.
»atoms with different numbers of neutrefis

To obtain both marks, the candidate needs to make it clear th
isotopes have the same number of protons. This could be w|

be

e(G3 U-238 decays via-emission to produce an atom of thorium(Th).
Write a nuclear equation to represent this decay. [3]
the ZBU->BiTh+a vv 2/3
punt|

ghe two marks awarded were for calculation of A and Z
thorium. The candidate needed to indicate the values of Z and
thea particle to obtain full marks; clearly s/he knew them, since
other calculation was correct.

t flatUranium-238 has a half-life of 4.5« 10° years. Calculate the time
5 in required for the activity of a sample of Uranium-238 to @crease
br carfrom 6.04 x 10° Bq to 1.8875x 10° Bq.

ease6.04x 10" + 1.8875x 10° = 32+~

2x2x2x2x2=232,s05 half-liveg” 2/3

his.

down directly, or the candidate could make reference to A and 4.

The

comments explain what is wrong with the answers and how they can be

5 lost

ps?

ht the

itten

for
N for
the

thg
able

What the candidate has done is correct, and clearly presented. But
s/he has missed out on the final mark by not reading the qugstion
carefully — it asks for the time in years, not the number of half-liyes.

t

during the course of the investigation.

Sterilization
Gamma rays can be used to sterilize medical instruments or keep
fresh for a longer period.

Examiner’'s Answers
fa@)i Top: nucleon / mass numbef.
It's the no. of nucleons or protons + neutrons in nucleus
Bottom: atgmic number / proton number
It's the number of protons in nuclews
Isbit Atoms with the same number of protefis
thanput different numbers of neutrons in their nuckéi.

- Zit 238)_,234Th, 40, (1 each for 234, 90 and 1 for 4 and 2)
d) 6.04x10" = 1.8875x10° x2 x2 x 2 x 2 x 2 v (method)

Radiotherapy -cancer treatment

Radiotherapy involves using gamma sources to attack cancer ce
relies on the cancerous cells being more affected by the radiation
the normal ones, but obviously the normal cells are affected too,
does produce some unpleasant side effects, like those described
“Dangers of radioactivity” box. Again, a short half-life is required.

so 5 half-lives. So 5x4.5x10° = 2.25 x 10" years v

The candidate should be surprised not to use all the information.

Dangers of radioactivity
Sincea radiation is so easily absorbed, it is not dangerous unless tA&e hazard represented by a particular radioisotope is therefore
radioactive source is inside the body. Althoyytradiation is more ~dependent on:
penetrating, most of its energy is usually absorbed by clothes, and it is
easy to protect people further by using aluminium shielding. The the nature of its emissions, and of the emissions of its detay
greatest danger arises from gamma radiation; although it is not Pproducts
strongly ionising, it can penetrate deeply into the body. ¢ its level of activity

+ its half-life, since long half-life radioisotopes will continue to bg¢
Damage from radiation can include: highly active for a long period of time, and hence potentially bg a
+ radiation burns (like normal burns, but caused by gamma rays) danger for this time.
¢ hair loss
+ radiation sickness This has implications for the disposal of nuclear waste, which incluges
+ damage to reproductive organs long-half-life isotopes. The canisters used to contain nuclear wgste
+ delayed effects such as cancer and leukemia need to be resistant to naturally occurring phenomena like landslides
The level of danger depends on the amount of radiation absorbed: earthquakes, since the contents would still represent a dangef for
people likely to be exposed to radioactive materials, such as workef&@ny years to come.
in nuclear power plants, have their radiation dosage -carefully
monitored to ensure it does not exceed safe levels.

———
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Qualitative Questions Answers
1. Give two sources of background radiation 1. a) 57Co—->3Ni+ 3B

2. Give two uses for radioactive elements, other than carbon dating. b) 2&2 Po—>2§ng+‘2‘oc

63~ 1 64 0
3. Explain how carbon dating works. €)) 29CU+gN—>30ZN+ 4

4. Describe the penetrating powerof and yradiation. 2.1.60x10° (3SF)
5. Explain what is meant by “half-life” 3. 14 — 15 seconds.
6. Explain what is meant by “activity”, and give its units 4. 108 hours (or 4 days 12 hours)

7. Which form of radiation is potentially the most dangerous to humag. 10 minutes
beings?

8. Explain whyy emission occurs

The answers to these questions may be found in the text.

Quantitative Questions
1. Write nuclear equations for the following decays:

a) 3 emission from aS?Co nucleus to produce Nickel (Ni)

b) o emission from azéiponucleus to produce Lead (Pb)

C) gg’Cu absorbs a neutron, then decay$l®mission to form zinc (Zn)
2. An isotope has a half-life of 12 hours. Calculate éisagt constant.
3. The graph below shows the decline of activity with time for a

radioisotope. Calculate its half-life.
The background count is 2.6.
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Hint: the background count must be allowed for — so, for example, firl\%
the time required for the count to decline from 24 + background to 12.ith
background.
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4. A radioisotope has a half-life of 12 hours.
Its initial activity is 1.6x 10" Bq.
Find the time required for its activity to decline to 3.%2BY Bq.
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Radioactivity |1

This Factsheet will discuss the quantitative treatment of radioactive
decay and explain how to predict which nuclei will decay and how
they will decay.

Before studying this Factsheet, you should be familiar with basic
conceptsin radioactivity (covered in Factsheet 11); theseinclude:

e thenatureand propertiesof a, 3, and yradiation

« background radiation and how to correct for it

* half-life

It would also be helpful to be acquainted with exponentials and
logarithms (Factsheet 10).

Decay law —a review
From earlier studies, you should recall that:
« radioactive decay is arandom process;

» theprobahility of anucleus decaying is constant.
These facts lead to:

e The number of nuclei decaying per second (the activity) is
proportiona to the total number of nuclei in the sample.
(This is like saying that you'd expect the total number of sixes
obtained by rolling a lot of dice would be proportional to the
number of dice — you'd expect twice as many sixes with 200 dice
aswith 100 dice)

This can be expressed as an equation:
A= AN,
A = activity
A = decay constant ( = probability of 1 atom decaying in 1 second)
N = number of undecayed atoms.

Exponential decay
The decay equation tells us that the number of nuclei decaying is
proportional to the total number of nuclei; this may dso be written as

rate of decrease of N = AN

(or for those studying A2 Maths: (:j—':l =-AN)

This type of equation (which will also be encountered in other areas of
Physics, notably charge decay for a capacitor) leads to an exponential
decay curve when N (number of undecayed atoms) or A (activity) is
plotted against time:

NorA

Exponential decay curves have some important properties:

¢ For small values of t the curve falls off quickly but this slows down
as t becomes big; the gradient never = 0 and the curve never cuts the
t axis;

¢ Thereis aconstant half life — for a given radioactive element, the
time taken for the activity to halve will dways be the same. (So, for
example, it would take the same time for activity to decrease from
400 Bq to 200 Bq, asfor activity to decrease from 200Bq to 100Bq

Equation for exponential decay curves

Equations for exponential curve involve the number “€’. This is a
number between 2 and 3; like Tt it cannot be written as an exact decimal
or fraction.

Where N = number of undecayed atomsat time t
N, = initial number of undecayed atoms
A= activity attimet
A, =initia activity
A = decay constant

N =N, e’

A=A,e™  (andatanytime, A= AN)

Note that both equations have exactly the same form — which is what
would be expected from the fact that A is proportional to N.

Logarithms

To do calculations with exponentials, it is necessary to use natura
logarithms (written as In on your calculator). In is the “opposite” of e
—in the same way as x2 and +2 are opposites. We can therefore use
In to “cancel out” e - eg In(€®) = 3. NB: this only works if there is
nothing — like a number or aminus sign — in between the In and the e.

Thisideais used to solve equations with e in them. The method is:

1. Rearrange the equation to get the part with the €™ on itsown
on oneside of the equation.

2. Work out the other side of the equation, so that it isasingle number
3. Takeln of both sides of the equetion.

4. Rearrangeto find the unknown.
T

;0.2x

Worked example: Find x, given that 2 = 5¢

1. First get the €®* on its own, by dividing by 5:
2:5= g%

2. Work out the other side
0.4 =

3. Takeln of both sides:
In 0.4 = Ing®*
-0.916 = -0.2x (sinceln and e* cancel”)

4. x=-0.916/-0.2 = 4.58
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Laws of logarithms

It can be helpful to be able to simplify logarithms. To do this, use
the following laws:

In(ab) = Ina+ Inb
In(alb) = Ina—Inb
In@@") = nlna
In1=0

Using eand In on your calculator

Look for € and Inx on your calculator. They will often be on the
same button — so you'll need to press SHIFT or 2ND to access one
of them.

On some calculators (including graphicals), you'll have to press €
or Inx first, then the number, but on others, you'll have to put the
number in first, then press € or Inx. Check which by trying to find:

e® (you should get 20.0) In2 (you should get 0.693...)

When finding something like €%, you will need to put brackets
around everything in the power — so you'd press €* then (-0.3 x 17)
(you should get the answer 0.00609...)
L_____________________________________________________________________|

Relationship between decay constant and half-life

Using either the equation for activity or for number of undecayed atoms,
it is possible to derive a relationship between haf life (Ty,) and the
decay constant (A).

If initial activity is A, then after time Ty, the activity will be 2A,.
So using the equation for activity, we get:
Yoo = Ag Tz
Dividing both sides by A, gives:
Vo= g ATz
Taking logarithms gives:
In(2) = In(e™*Tuz)
“Cancelling” In and e gives:
In (%) = =ATy,
-0.69 = ATy,
0.69 = ATy

Hence:

Exam Hint: You do not need to remember the derivation of this
formula, but you do need to know and be able to use the formula
itself.

Calculationsinvolving half life

Calculations may require you to:

« determine count-rates or time, given the half life

e determine half life from count rates

¢ determine numbers of atoms decaying or remaining
¢ determine haf life from a suitable linear graph

The key approach is to concentrate on A - if you are given the half-life,
find A first, and if you need to find the half life, first find A, then useit to
get T1/2.

The following examplesillustrate these.

Example 1.
A sample of uranium-238 contains 2.50 x 10 atoms. Given that the
half-life of uranium-238is 1.42 x 10 seconds, find

(a) the decay constant, A;
(b) theinitial activity of the sample, in becquerels;

(c) thenumber of uranium-238 atoms remaining after 3.0 x 10%s,

069 _ 0.69

a A= — = ——
@ T, 1.42x10%

=4.88 x10% (35F)

(b) Thisrequiresusing the equation A = AN, since thisisthe only way
to relate activity to number of atoms:
A= 49 x10% x2.50x10% = 1.2 x10* Bq

(¢) Sincethisasks about a number of atoms, we must use N = Noe™
We have N, = 2.50 x 10%; t = 3 x10%®

SON = 250x10% x g 49x1070x3x10%8
=250 x 10 x g 0144
=2.2 x10% atoms|eft

Example 2
The activity of a radioactive source was measured as 10428 Bg on one
day; at the same time on the following day its activity was 9135 Bq.

(a) Assuming the decay product of the source is stable, determine the
half-life of the source

(b) Explain why it was necessary in part (a) to assume the decay
product was stable

(c) Determinethetimetaken, from thefirst day, for the activity of the
source to decay to 1000 Bq

(a) Since activity isreferred to, we need to use A = Ae™
A, = 10428; t = 24 x 60 x 60 = 86400s
9135 = 1042854

We need to get the part involving e on its own:
9135/10428 = %4
0.876 = g4

Now we must take logs:
In0.876 = IngB6400A
-0.132 = -86400A
)= 0.132+ 86400 = 1.53 x 10° s

But we want Ty, = ? =45x10°s

(b) If the decay product had not been stable, it would have contributed
to the measured count rate by emitting radiation itself.
(c) Using A= Age™:
1000 = 10428 ¢ 1510t
1000/10428 = €510t

0.0959 = e—1A53x10‘51
In0.0959 = -1.53 x 10°®
t = In0.0959/(-1.53x10°) =1.5 x10° s

——— e
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Finding number s of atoms from the mass of element
You may be told the mass of an element, and need to find the
number of atomsin it. To do this:

e First divide the mass by the nucleon number of the element

e Then multiply the answer by N, — Avagadro’s number —which
is approximately 6.02 x 10%. (You do not have to remember
this number — you will be given it if it is needed)

Example 3

A sample consists of 0.236g radioactive iron (**Fe). Given that the
half-life of thisisotope is 46 days, calculate:

(a) the decay constant, A;

(b) Theinitial activity of the sample, in bequerels

(@) Typ = 46 x24 x60 x60 = 3.97 x10%
069 _ 069 = 17107
Ty, 3.97x10

(b) Number of atoms = 0.236/59 x 6.02 x 10 = 2.408 x 10%
Initial activity = AN = 1.7 x 107x 2.408 x 10?'=4.1 x10™Bq

Determining half-lifefrom alinear graph

It is much easier to determine a quantity from a straight line graph
instead of a curve, since quantities such as the gradient and intercept can
be measured accurately, and a best straight line can be drawn reliably.

For A = Ae™ (or N = N,e™), we need to use logarithms to get the
unknown (A) and the variable (t) out of the power:
A=Ae™

Take logarithms:
InA = In(Ae™)

Use the laws of logarithms:
InA = InA, + Ine™

Simplify:
InA =1nA, — At

By comparing this to the straight line equation “y = mx + ¢”, we obtain:

In agraph of InA (y-axis) against t (x-axis)
’" The gradient is -A

They-intercept isInAy

Exam Workshop

This is a typical poor student’s answer to an exam question. The
comments explain what iswrong with the answers and how they can
beimproved. The examiner’sanswer is given below.

(a) At the start of an experiment, a sample contains 30.0 pg of
isotope A, which hasa half life of 50s, and 60.0ug of isotope B,
which has a half-life of 25s. After what period of time will the
sample contain equal masses of A and B?

(you may assumethat thedecay productsof both Aand B aredable)  [2]
mass of A: 30 15
massof B 60 30 15v 12

The student has clearly understood what is required, but has
neglected to actually write down the time required — s'he should
have read over the question to ensure it was fully answered.

(b) A student says: “If the masses of A and B are equal, their activities
will beequal”.
Explain carefully why this statement is not generally correct. [3]

Because their decay constants are different v 13

Poor exam technique — one statement cannot be worth 3 marks,
and the word “explain” in the question indicates that more is
required.

Calculate the activity of A two minutes after the start of the
experiment, given that itsrelative atomic massis 230
(N = 6.02 x 10%) [6]

A= 0.69/50=0.014v"
mass = 30e-120><0014 = 5.6“9 v
Activity = mass x A = 0.787 s'« 3/6

(c

~

The student has neglected to change mass into number of atoms
—again, poor exam technique — why has N, not been used?

Examiner’'s Answers

(a) B declinestol5ug in 2 half lives; A declinesto 15ug in 1 half lifev”
So 50 secondsv”

(b) Decay rate depends on number of atoms and decay constant v~
Number of atoms will be different even if the mass is the same,
because atomic mass will be different.v” Decay constant will be
different as half lives are different. v

(c) A=0.69/50=0.014v"
mass = 30g° 1200014 5.6ug v
Number of atoms = 5.6 x 10% 230 x6.02 x 10°v"= 1.5 x 10'°v
Activity = AN = 0.014 x 1.5 x10%°=2.1 x10% Bq v

Typical Exam Question
The table below shows how the activity of a radioactive sample
reduceswith time.

Time/s Activity / s*
0 10000
2 9912
4 9825
6 9738
8 9647
10 9550
12 9400
14 9350
(a) Usethedatato plot therelevant straight-line graph that will
allow you to deter mine the half-life of the sample. [5]
(b) Useyour graph to calculate the decay constant, and hencethe
half-life, of the sample [3]

(a) Need to plot InA against time.
InA values are:
9.210, 9.202, 9.193, 9.184,9.174, 9.164, 9.148, 9.143 v'v*

9.22
921 oed—|
9.20 ~
9.19 T~
9.18 . S
917 ~
9.16 .

9.15 -
9.14 \%
9.13

0 5 10 15
axes + labelsv pointsv’linev”

(b) A =(9.21-9.14)/(14-0)v'= 5 x 103+
Ty, = 0.69/A = 140s)

T - EEE——————.
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Which nuclei will decay?
Stability of nuclel may be shown on an N-Z chart (fig 1). This shows
the most stable radioactive isotopes as well asthe stable nuclei.

Fig 1. N-Z chart

neutron
number (N)

140
130
120
110 F
100 ;

90 o3 #
80
70
60
50
40
30
20|
10

0 10 20 30 40 50 60 70 80 90

proton number (2)

Note that small stable nuclel have approximately the same number of
neutrons and protons, but larger nuclel have an increasing proportion of
neutrons. The extra neutrons moderate the effect of the electrostatic
repulsion between the protons

Unstable nuclel may:

¢ betoo large —there are no stable nuclei with Z > 83;

* have too many protons for the number of neutrons (and so be to the
right of the line of stability);

* have too many neutrons for the number of protons (and so be to the
left of the line of stability).

Decay modes
Radioactive decay will usually produce a daughter nucleus that is closer
to the line of stability than the parent nucleus.

Radioactive decay may involve:

Alpha (a) decay — this removes 2 protons and 2 neutrons from the
nucleus, so both N and Z decrease by 2. On the N-Z chart, this
corresponds to amove of 2 downwards and 2 to the | eft

€g. radon-204 decays by o emission to give polonium-200

2Rn  radon-204
(Z = 86, N =118)

e

Po

polonium-200
(Z2=84,N=116)

Beta-minus (B7) decay — this involves a neutron in the nucleus emitting
an electron and changing to a proton, so N decreases by 1 and Z
increases by 1. On the N-Z chart, this corresponds to a move downwards
by 1 and to theright by 1.

eg. beryllium-10 decays by B~ emission to give boron-10

10, B
beryllium-10 \\‘
(Z=4.N=6)
B
boron-10
(Z=5.N=5)

Beta-plus (B*) decay — this involves a proton in the nucleus emitting an
positron and changing to a neutron; it only occurs in man-made nuclei.
This results in N increasing by 1 and Z decreasing by 1. On the N-Z
chart, this corresponds to amove upward by 1 and to the left by 1.
eg. sodium-22 decays by B* emission to give neon-22
22
neon-22

(Z=10.N=12) \
22Na
sodium-22

(Z=11.N=1D

Since a decay is the only decay mode to reduce the total number of
nucleons in the nucleus, nuclei that are simply too large to be stable wil |
always have a decay somewhere in their decay series, although other
decay modes may also be present. Nuclei that are to the left of the line
of stability (i.e. neutron rich) will tend to decay via B~ emission, since
this will result in products closer to the line of stability. Proton-rich
small nuclei, lying to the right of the line of stability, can produce
daughter nuclei closer to the line via ™ emission; for large proton-rich
nuclei, a-emission will also bring them closer to the ling, since theratio
of neutrons to protons required for stability is smaller for lower atomic
mass.

Questions
1. Explain what is meant by the decay constant, and state the relationship
between the decay constant and half life.

Write down the equation for activity at time t.

Explain how to find the half-life of a radioisotope from readings of its
activity at 10 second intervals.

4. Radon-224 has a half-life of 55 seconds.
(a) Calculatethe activity of a sample of 0.4g radon—-224
(b) Find thetimerequired for there to be 0.06g radon-224 remaining
in the sample.

5. A sample of magnesium-28 has an activity of 1.58 x 10 Bg. Ten hours
later, its activity has fallen to 1.13 x 10° Bqg. Calculate the half-life of
magnesium-28.

6. A radioactive isotope of strontium, 33Sr , decays by 3~ emission to form
an isotope of yttrium ().
(a) Write an equation representing this process
(b) Would you expect 29Sr to lieto the left or theright of theline of
stability on an N-Z chart? Explain your reasoning.
Answers
Answersto 1. — 3. can be found in the text
4. (a) A=0.69/55=0.013s"
No of radon atoms = 0.4/224 x 6.02x10% = 1.1 x 10*
Activity = 0.013 x 1.1 x 10* = 1.4 x 10" Bq
(b) 0.06=0.4€%" O |n0.15=-0.0126t O t = 150s
5. Workingin hours: 1.13 x 10° = 1.58 x 108 x g™
In(1.13 x 10%(1.58 x 10%))=-A10 O -10A=-0.335 [
A=3.35x 102 hours* O Ty2 = 0.69/A = 20.6 hours
6. (8 BSr-Rv+le
(b) To the left. Since it decays by B~ emission, it will be neutron-rich
compared to stable isotopes.
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A2 Questions Radioactivity

Radioactive decay lends itself to a broad range of assessment. In addition to practical investigations, problems can be setto test theory, calculations, graphical
work, and health and environmental issues. Written answers in paragraph form can be demanded (although they still tend to be marked in terms of separate
points made).
Some of the topics that can be assessed include:

Types and properties of decay products (including scattering theory and the nuclear atom ~ Rutherford).

The decay process (including sources of radiation [man-made and natural], equations of decay, N-Z graphs, decay chains, etc.).
Decay graphs (including ideas of activity, decay constant, half-life, background correction, etc.)

Maths based on A=AN, AT, = 0.693, and equations of the form A=A e™.

The inverse square law for gamma radiation.
Environmental issues (safety/waste disposal/half-lives).
Medical uses and dangers (this topic has already been covered in some depth in Factsheets 77 and 82).

1 nis Factsheet will deal almost exclusively with answering questions on these topics. There are four exam-style questions to illustrate various points and
demonstrate the methods of solution required. Then there are a number of short questions for you to attempt ~ the solutions are supplied.

Exam-style question1

1 (a) Discussproblemsinvolvedinsafe storage ofradioactive waste (3)

(b) Complete thistable relatingthe range, ionising power, and dangers
associated with decay products o, 3, and .

Decay | Range in Ionising Danger to humans

Product | Air Power

o Very small (1) 2)

B )] Medium Most dangerous if taken
into body in breathing or

(€8] as food / drink.

Less dangerous from
external source.

Y O 2

Exam-style question 1 solutions
1 (a) half-life verylong (1)
possible leakage into environment / water supply (1)
geological instability causing disruption to security of storage (1)
radioactivity may degrade storage vessel (1)
-any three or these or other sensible points.

Exam Hint: Be prepared to write essay-type answers concerning safety
and environmental issues. Remember, the number and quality of points
you make are important —not the total number of words you write.

1(b)

Decay |Range Ionising Danger to humans

Product | in Air Power

o Very small | Very large (1) | Most dangerous if taken
into body in breathing or as
food/ drink. (1)

Less dangerous from
external source. (1)

B Small (1) Medium Most dangerous if taken
into body in breathing or as}
food / drink.

Less dangerous from
external source.

Y Very large (1)} Very small (1)| Most travel straight

through body (1)
Equally dangerous
externally or internally (1)

Exam Hint: Be clear about the link between range and ionising power

for o, B, and ydecay, and the differences benween these decay products.

Exame-style question 2
2. An experiment is set up to confirm that gamma-ray intensity obeys
the inverse square law (I =k / d3).
i d 1

I~ 1

— | —]

radioactive source detector

(a) Why will this experiment not give the required result for o and 8
particles? (1)

(b) How can you ensure that alpha or beta particles from the source
cannot reach the detector? (1)

(c) Should the source have a long or a short half-life? Explain your
answer, (2)

(d) The count rate is taken over a range of values for distance d. Explain
what correction must be made to the recorded count rate in
investigations of this sort, and how the final cormrected value is
determined. (2)

(e) These values for corrected count rate (s™) at various distances are
found. Show graphically that the results obey the inverse square

law. (7)
d/m count rate /s
0.20 442
0.40 112
0.60 51
0.80 28
1.00 18
1.20 12

(The third and fourth columns are for your use.)
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Exam-style question 2 solutions
2. (a) some (if not all) particles absorbed by air (1)
(b) metal filter (sheet) in front of source to absorb them (1)
(c) long half-life (1)
to ensure constant (ignoring randomness of decay) activity of source
¢}
(d) correct for background radiation (1) _
measure background and subtract from recorded values (1)
(e) count rate =k/d*, In(count rate) = Ink~21Ind (1)
the logarithmic graph should be a straight line with gradient—2 (1)

d/m count rate /s In(d/m) In count rate /s
0.20 442 -1.61 6.09
0.40 112 -0.92 472
0.60 51 -0.51 3.93
0.80 28 -0.22 3.33
1.00 18 0.00 2.89
1.20 12 0.18 248
(2 marks for table)

In(count rate /s™)

6.0

5.0

4.0

3.0

20— —
1.8
-11.0
i 1 I 1 i H
-1.8 -1.4 -1.0 0.6 -0.2 0.2 In(d/m)
(2 marks for graph)

Gradient=-3.7/1.8=-21 (1)

Alternatively, the marks could be gained by calculating the values for d°,
and plotting count rate against 1/ d°, and obtaining a straight line through
the origin.

Exam-style question 3
This is a small section of the Uranium-238 decay chain:

A(Mass

Po

he

Pbl/.Y]

Bi

Tl Pb

»Z (Atomic
80 82 84

(a) Identify the decay products in sections X, Y, and Z of the chain. (1)

(b) Could the decay from Po-214 to Pb-206 be accomplished in less than
four steps? (1)

(c) What information does this chart give us about gamma ray emission?
Explain your answer.(2)

(d) Why would the reverse process (decay from Pb to Po) be impossible? (1)

Exam-style question 3 solutions

@ X=0,Y=082Z=a (1)

(b) No. (but there could be other pathways possible) (1)

(c) No information about 7y rays. (1) They don’t appear in the chart, as
they don’t result in a change in nuclear charge or mass. (1)

(d) Each decay process results in the loss of mass and/or energy from the
nucleus. The reverse process would mean mass and/or energy would
have to be gained in each step. (1)

Exam-style question 4
The sketch graph shows the corrected count rate measured for the decay of
aradioactive sample (the sample-detector distance is constant):

corrected count rate/s™!
N

1200

500 ¢

0

1
1
1
|
1
1

(a) At time t=0s, what factors will affect the count-rate measured? (3)

(b) If the count-rate is 1200s" at t=0s, and is 500s” after 10s, find the
decay constant for the radioactive isotope. (2)

(c) What is the half-life of this isotope? (1)

(d) If the measured count-rate is only 1% of the activity of the sample,
find the number of atoms of this radioisotope present after 10s. (2)

0 tjs

Exam-style question 4 solutions:
(a) the decay constant (or haif-life) of the radioactive isotope
the number of atoms of this radioisotope present
the distance d
the type or size of the detector
the type of decay product (., B, or y)
-any 3 of these points, or sensible alternatives
(b) count rate e activity
A=Ag*, 500/1200=¢"", A=0.088s". (2)
(©) T, =0693/A=79s(1)
(d) A=500x100=5.0x10*(1)
A=AN,N=A/A=350000/0.088=5.7 x 10° atoms. (1)

e ——————————————— L —————————————————————
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Practice Questions

1. What is the SI base unit for the rate of radioactive decay?

2. At acertain stage in a radioactive decay practical, the count rate was found to be 84Bq. If the average background measured was 254 counts in 2
minutes, find the corrected count rate (to the nearest whole number).

3. The following count rates were measured over successive 10s intervals in a beta decay practical. The source-detector distance was fixed, and the
source half-life was 26 years.
162, 188, 163, 152, 183, 171, 159, 173

(a) Find the average count rate in Bq.
(b) Find the maximum percentage error in these results.

(c) What factors were responsible for the variation in readings.
4. Explain in words why the decay constant, A, is inversely proportional to the half-life, T,

(a) The haif-life of a source is 22 years. Find the decay constant, A.
(b) The decay constant for a radioisotope is 1.4 x 10+ s*'. Find the half life, T,..

6. Complete the following decay equation:
YA —> y_8B + 7 + 7 4
X x-3 v

Here is a sketch graph of simultaneous decay from radioisotopes X and Y:

-~

N\

-
2
2 X
Z
L
(=]
Tt
Q
2 .
=
k=3
Z
Y

> Time
Explain what is happening.

Answers
1. Bg=s"

2. 254/ (2x60)=2.1, 84-2=82Bq

3. (a) 1691in 10s = 16.9Bq
(b) (188-169) /169 =0.112 = 11.2%.
(c) randomness of decay from source and randomness of background (not just “background”).

4. The decay constant is the probability of decay for each unstable nucleus in the next second. The higher the probability of decay, the shorter time for
half of the nuclei to decay.

5.(@A=0.693/T, =0.693/ (22 x 365 x 24 x 3600) = 9.99 x 10%",
(®) T, =0.693 /A =0.693/1.4 x 10* = 4950s = 1.38 hous.

6. Insert diagram 6.

7 -8 4 0
iA—%i.3B+ 22(1+ -IB +Y
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Radioactive Decay Calculations

Half-life and decay constant

The half-life is the time taken for the radioactivity (A) of a substance
to fall by half. The original number of radioactive nuclei (N) and
mass of original substance (m) also fall by half in the same time.
The decay constant, X, is related to the half-life, t,, by the equation

In2
byz = _/1'“

The time taken for radioactivity to fall by half is the half-life.
Half-life and decay constant are related by the equation:
In2

Ly = 1

Radioactivity over time

[

Count rate

Half-life

Half-life

Half-life ,L e :

Time

Exponential decay
If a radijoactive substance decays into a stable one, then less
radiation is emitted over time. If the original activity is A, then the

Example 1

The nuclide 2§§Rn emits alpha particles. The initial alpha particle
count rate was 1000Bq. After 12 hours the count rate fell to
120Bq. Assume corrections have been made for background

radiation and radioactive daughter products.

(a) Calculate the decay constant of *2Rn.

(b) Calculate the half-life of the substance. :

(c) Calculate the number of %?Rn nuclei when the count rate was -
1000Bq,

Answer

() A=Ag, A =

0

A
— a=M
=g h{ ] At

inE%(’J

=2
t
n (1000]
Tla20) o
(T2560x60) = 1 491X10°S
n2
(b) t%=7—
_ 2
b= 4.91x10° =141xI0¢ s
(C) A= ../'LN
Ay o200 gy
2 =N = oo 2.03x10

Example 2
The activity of a source of B radiation falls to 56% of initial value
in 518s. Calculate the decay constant of the source.

radioactivity.

activity at any time, A is given by A = A g™ Answer
! 2 ln( 4 ) ml L
There are similar equations for the number of radioactive nuclei n A Lo_ 564, 7 0.56 o
N = N and mass of radioactive substance m = m e . p =4 ; =4, 518 =A=L1IX107s
— —~Aia t . : i for f H - 8
h A = Ae™is the relationship for the exponential decay ofJ Example 3

h Count rate can be measured per second (s) or per hour
(") etc. The count rate per second is also measured in Becquerel

(Ba).

A radioactive isotope has a half-life of 27 years. A sample has an
activity of 10° counts s, Calculate:

(a) the decay constant of this substance in seconds™.

(b) the original number of nuclei in the sample.

(c) the time taken for the activity to fall from 10° to 10* counts s

Answer

(a)t,=27 years or 27 X 365 X 24 X 60 x 60 = 8.51x10° seconds
A=In2/t,= In2/8.51x10° = 8.14x1010s!

(b) A=-AN A/A= N =10°s"/8.14x10"%s" =1.23x10" particles

(c) I(N/NY/A =t = In(1 0%10°)/8,14x10°=5.66x10°s or 179 years

$
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Exam Hint: If half-life is given in seconds, then units of decay §
constant will be seconds™ (1, in years, A in years’).

Example 4
is 2Bq, how many half-lives pass before the count reaches the

rate?

Answer

‘After 1 half-life, count rate is 80Bq, 2 half-lives 40Bq and 3 half-
life lives 20Bq.

If the decay constant is 2.7X1 035, how much time has passed?
= n2 _ In2

K 1’27107
3 half lives = 771 seconds.

=1, =257 seconds

Example 5
If there are 1.5 moles of a radioactive substance with a half-life of
2.3 years, what is the activity?

Answer

dN

ar — A=—AN
a2 n2 _ )
A= t, T 2.3%365524 %6060 9.56x107 s

N = nA where n is the number of moles and A is Avogadro’s
constant

N= 1.5 x 6.022x10% = 9.033x10% nuclei.

Activity = A X N = 9.56x10%s" X 9.033x10% = 8.64x10"”Bq

Example 6

The decay constant of a radioactive substance is 5.1x10%s! as
measured by a detector 2m away. Where should the detector be
moved to measure the same count rate after 1 hour?

Answer

A A 5
A= A e~)\| ,— = e—Al , == e-S.lxlO %6060 0'83
0 A() AO

Assume the emitted radiation spreads out in all directions |
spherically. When it reaches the detector it all passes through a
sphere of radius 2m. A small fraction of the radiation is detected
as it passes through the detector.

After 1 hour, count rate drops, so
the detector must be moved nearer
to measure same count rate

detector

a) Time =0

b) Time = 1 hout

After 1 hour, the count rate has dropped to 0.83 of the original rate.
The atea of the sphere x, that the radiation passes through at the
detector must also be reduced to 0.83 of the original area to
preserve the count rate. 0.83 = x*/ 2%, x =1.82m

Tf an initial radioactive count is 160Bq and background radiation |

point where background radiation is. on average 10% of the count |

Example 7
Find the decay constant of the substance in this graph.

1.2

1.0

o
)

@
o

Count rate x 10%

2
~
A

Y
[~

0.0:
0.0

05 10 15 20 25 3.5

Time (seconds)

3.0 4.0

Answer

e In2
Half-life is 0.7s. Decay constant =——
. "
Decay constant = 1.0s”

Background radiation

Radiation is emitted around us all the time, from artificial and natural
sources. An average of this background radiation is measured over
a period of time. However, this radiation is emitted randomly so the

measured counts will vary in any short time period.

Example 8

There are 109 atoms of a radioactive substance with a decay
constant of 7.9x10s!, Calculate the activity of the substance.
Background radiation is estimated to be 20Bq.

Assuming the background radiation varies by +£10% ina 5 second
period, calculate the maximum and minimum measured counts.in 5
seconds.

Answer

‘A= AN = 7.9x10°s" x 106 = 79Bq

Background radiation counts in 5 seconds is 100+£10Bq. The
radiation emitted from the source in 5 seconds is 395Bq, so the
maximum and minimum measured counts will be 505Bq to 485Bq.

Example 9

A patient is injected with lcm® of technetium 99 with a
concentration of 0,01 moles per litre and a decay constant of
3,2 x 1095, Calculate the number of technetium nuclei remaining
i the bloodstream after 1 day. Assume no losses through
excretion.

Answer

"1 litre = 1000cn?® lcm?® =0.001litres
:0.001litres x 0.01mol litre’! = 1 x 107 moles
6.022x10% x 10° = 6.022 x 10" particles

N = Noe”": 6.022 x 10'8 x g32x10" x4 x 60 x60 = 3.8 x [0 nuclei
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Example 10 ‘Pr.actice Questions
(a) lSklelLThr a graph of A = Ae™™and show how you would identify| Time (11s) Count rate (Bq)
half-life.
(b) ““Cu is a beta particle emitter with a decay constant of 0.0 1247
1.3 x 1047, If an initial count of 4 x 10#Bq is needed, what 0.1 11.40
mass of this element is required? 0.2 10.32
|Answer 0.3 9.33
@) 04 845
7 0.5 7.64
0.6 6.92
7 , 0.7 6.26
| ' 0.8 5.66
o 0.9 5.12
s 1.0 4,64
§ 1.1 4.19
© 1 Half-life, 1.2 3.80
: 13 3.43
7 : 14 3.11
i 1.5 2.831
l l l Timle ' I I I 1.6 254
1.7 2.30
(b) AA=N =4x10%1.3x10* = 3,1x10" nuclei 18 .08
Mass of nuclei = 67 x 1.66x107kg x 3.1x10" nuclei :
~ 3.4x10"%kg 1.9 1.88
2.0 i 1.71
1. Find the decay constant of this radioactive substance by
Example 11 producing a graph of count rate against time.
(a) The half-life of 2*Ac is 2.5 minutes. Calculate the mass needed
to have an activity of 2x10" Bq. ; s 2. (a) A source of beta radiation has an initial total activity of
(b) ’ll“he ‘actlé'ltly olf ta Stll‘bsitallj;?‘;alls from 10"Bq to 10Bq in 10 2x10"Bq and a half-life of 24s. Calculate the activity after 1
hours. Calculate the half-life. minute.
(c) Calculate the activity of 2 mg of **Ra with a half-life of 13
hours. (b) A radiation detector has a detecting surface area of 2cm?
) Calculate the initial detected count rate if the distance to the
Answer source of beta radiation is 0.13m
(@) 2.5 minutes is 150 seconds, A = In2/150 = 4.6x107s’ i ' '
A= AN, A/A =N = 2x10" Bg/(4.6x107s7) = 4.3x10" nuclei
22’136 ’”‘Cl?és OJ; '?7‘3”"”7”’” has 3‘ O’ZS“SS of: 3 @ fg K has a half life of 1.4x10° years and forms the stable
x 1.66x1 , kg = 3.70x10%kg element 0 Ay
4.3x10' nuclei x 3.7x10%kg = 1.59x10%kg or 15.97¢ 18
(b) ( A"j | ( 10" ) If the ratio K:Ar is 1:3 in a meteorite, how old is the sample?
| —= N~
]0]0
f =4, 03 600:ﬂ =6.39x107 s (b) The activity of a substance falls by 37% in 14 hours. If there
’ are initially 2x10% nuclei, what is the half-life of the
_Inz, In2 _ . substance?
) 6.30x10° = 1.08x10"s
i {c) A source has a half-life of 120 days and an initial activity of
(c) 2x10kg of **Ra contains ; . oty afr
2><]0‘6k§/(223><].66><]0'2 Tke) = 5.4x10" nuclei 10°Bgq. Calculate the activity after 240 days.
A=in2/t,, = n2/(13 x 60 x 60) = 1.48x107s”
A=An = 5.4x10" x 1.48x107s =8.0x10"Bq

Example 12
Calculate the activity of a source (with a half-life of 15 days) after
50 days if the initial activity is 10°Bq.

| Answer
A= Aoe—m = 10® x e-(1112/15)60)=]X]07Bq

w
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Answers

Counts (Bq)

|

T i T T T i T ¥ T T H 1 T T T T T T T 1
0 0.1 0.203040.506070809101.11.21.31.41.51.6171.81.92.0
Time (|t seconds)

Half life is 0.8 pis, decay constant = In2 / 8x107 = 8.7x10%"

H]—2><60
2. (@) A=AgM = 2x107x e( 2 )= 3.54x10°Bq

(b) 2x107Bq passes through a sphere with radius 0.13m and area= 41 x 0.13%=0.212m? or 2120cm’.

The detector receives 2/2120 of the initial count rate = 1.88x10*Bq.

3. (a) Only 1/4 of the sample is: still fg K so 2 half lives have passed or 2.8x10° years.

(3

(b) If activity falls by 37%, then A= 0.63 X A, ) =X, ln(ﬁ} A=9.167x10%s"

t,,= In2/A = In2/9.167x10s" =75610 s or 21.3 hours. 14x60%60

(c) 240 days is two half-lives A = A /2> A= 105/4 = 2.5X10% Bq
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Measuring Distances in Astronomy

We are going to look at the following methods for measuring
distances to planets, stars, and galaxies:

o Kepler’s third law

¢ Parallax

e The Hubble law

¢ Radar measurements

First, I want you to take a minute to think how amazing it is that we
can measure the distance to any of these objects. After all, we can’t
exactly stretch out a tape measure to them.

I also want you to appreciate that the difficulty in measuring
astronomical distances means that many of them have a high level
of experimental uncertainty. For example, the Hubble constant (see
later) is often quoted with values anywhere between 50 and
80 km s MPc.

Kepler’s third law

It might not surprise you to find that it is easier to measure the

distances to planets in our Solar system, than to distant galaxies,
simply because they are closer. One of the first steps to doing this
was taken by Johannes Kepler, early in the 1700s. He worked out
that planetary orbits obey three laws, and he worked this out purely
from studying the observational data of a famous astronomer, Tycho
Brahe. It is difficult to appreciate what an amazing intellectual feat
this was.

Kepler’s first law: Every planet orbits the Sun in an ellipse with
the Sun at one focus of the ellipse.

Kepler’s second law: A planet sweeps out equal areas in equal
times in its orbit around the Sun. -

The two shaded
areas are equal.
AB occurs in the
same time as CD.
Therefore CD
Sun (at one faster than AB

focus of ellipse)

Kepler’s third law: The square of the period of a planet’s orbit
is proportional to the cube of its average distance from the Sun.

However, it has a drawback, and the drawback lies in the word
“proportional”. This means that we can easily find out that one
planet is, say, twice as far from the Sun as another, but we need to
know how far the first one was to work out the actual distance of
the second (in the 18® century this was a major, major problem).
Kepler’s third law can be written mathematically in three useful
ways:

where T is the period of orbit and r is the mean
distance from the Sun

2 3
(Tl ) = (i) where the 1 and 2 denote two orbiting bodies.

We seem to have magically changed the
proportional sign to an equals sign here. The
way we do this is to choose suitable units so
that the constant of proportionality is ‘1.
T2 =7 is true provided that T is measured in
years and r is measured in astronomical units

AL).

’ h 1 AU is the mean distance from the Earth to the Sun. I

Worked example
Neptune takes 165 years to orbit the Sun. How far is Neptune
from the Sun?

Since we have information about the orbit in years, we can
calculate a distance in Astronomical Units.

T = 7

1652= »

Po= 27225

r = 30 AU (or 30 times further than the Earth is)

Notice that, to convert this answer into km we would have to
kmow how far the Earth is from the Sun.

The third law is the useful one for us. (It works for any gravitational

orbiting system, such as satellites around Earth, as well as planets
around the Sun).

Parallax

Venturing out of our Solar system, the next objects we encounter
are the nearest stars. Their distances can be calculated using the
method of “heliocentric parallax”.

When travelling on a train the foreground seems to rush past very
quickly while objects near the horizon barely seem to move at all.
This illusion is called parallax and is obviously due to the differing
distances of the objects — nearby objects appear to move quicker.
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The Earth is moving in orbit around the Sun, and so observing
nearby objects twice, at 6 month intervals, should result in them
appearing to have moved, just because we are looking at them from
different angles. The following diagram should make this clearer.

() nearby star

Earth in
January

Earth in July

» In January, the nearby star looks as though it is in front of star B.

= In July, the nearby star looks as though it is in front of star A.
The closer the nearby star, the greater will be its angle of parallax.
Measuring this angle (by using stars A and B), and knowing the
distance from the Earth to the Sun allows us to use trigonometry
to calculate the distance of the nearby star.

h Some technical vocabulary will help at this stage:

= 1° of angle = 60 arcminutes

= ] arcminute = 60 arcseconds, so

= | arcsecond = 1/3600" of a degree

= 1 light year (Ly.)is the distance travelled by light in a year,
which is equal to 9.5 x 10m

= ] parsec (Pc) is the distance of a star which has a parallax of
1 arcsecond.

1Pc= 3.261y.

Note that this method relies upon the background stars being far
enough away that they don’t appear to move too. In fact this is no
problem, as they are so far away. In fact the difficulty is finding
stars that are close enough to act as the “nearby star” in the diagram.

No star is close enough to have a parallax angle as large as 1
arcsecond. Even measuring 1 arc second is equivalent to
distinguishing lines of writing on a page 1 km away. This means
that the parallax method can only measure the distances of a very
limited number of stars.

Worked example
The star Alpha Centauri has an annual parallax of 0.75

Alpha Centauri

0.75 arcseconds

distance to find

Sun : Earth

arcseconds. How far is it from the Sun in light years, if 1 AU is
equal to 150 million km?

The trigonometry here is really easy, but there are still dozens of
ways to go wrong, and nearly all of them involve problems with
units, The diagram below shows the information in the question:

So here goes with the units:
» (.75 arcseconds = 0.75 + 3600 = (2.08 x 107)°

= 150 million km = (150,000,000 x 1000) m = 1.5 x10"m

= distance to find =x

And for the trigonometry:

11
tan (2.08 x 10%) =220
1.5 x 10"

=X T an (2.08 x 107)

50, x= 413 x10%m

and since 1 Ly. = 9.5 x10” m,

_ 413 x10

* T 935x105

Notice that the angle in the diagram is deliberately drawn way too
large. In fact the angle is so small that the triangle is very nearly
isosceles, which means that using the sine function (instead of tan)
to get the Earth-to-star distance gives you the same answer to
many significant figures. (Could you find a quicker, but approximate,
and tricky to spot, way of doing this question if you were given the
information that 1 Pc = 3.26 1.y.7)
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Hubble’slaw

I mentioned before that it is amazing we can work out how far away
astronomical objects are. It is just as amazing we can work out how
fast they are moving, but with stars and galaxies we can do exactly
that, using the Doppler Effect.

Below is a diagram of wavefronts radiating from a stationary source.
They could be any waves, eg sound, ripples on water, but here they
are labelled as light.

light waves

moving outwards

from the source

stationary star
or galaxy

Now look at what happens if the source of the waves is moving...

star or galaxy
moving to the right

light waves appear
"stretched out”
behind

light waves appear
"bunched up” in
front

= If the star is coming towards you, you observe the light to have
a shorter wavelength (higher frequency) than it is actually
emitting. The light has been shifted towards the blue end of the
spectrum - blueshifted.

= If the star is going away (receding) from you, you see the light
to have a longer wavelength (lower frequency) than it is actually
emitting. The light has been shifted towards the red end of the
spectrum — redshifted. The redshift, Af (or AA), is simply the
difference between the observed frequency (or wavelength) and
that which would be observed if the star were stationary.

The faster the star, the greater the redshift or blueshift. Provided
the speed of the source of waves is much less than the speed of the
waves (which is usually true if the waves in question are light
waves!), then:

Af_AL_ v
g F=3r=

c

where: fis the ‘true’ frequency of the light
A is the ‘true’ wavelength of the light
¢ is the speed of the waves (light)
v is the speed of the source of waves (star)

This equation is easy to understand. It simply means that if the star is
travelling toward or away from us at, say, 2% of the speed of light,
then we will receive light shifted in frequency and wavelength by 2%.

This is all very well, but how can you zell from a spectrum whether
its light has been redshifted or blueshifted or neither.

Well, if the spectrum were continuous, you would not be able to,
but in fact the spectrum of star is crossed by many dark lines,
caused by the outer layers of stars absorbing very specific
wavelengths of light as the light leaves the star. The wavelength of
these lines can be measured very precisely using a diffraction
grating. An example of a stellar spectrum is shown (Fig a).

Figa
wavelength (nm) >
| [ T

Each chemical element has its own set of absorption lines. The
lines in the diagram above thus act as a ‘barcode’ for the star, telling
exactly what elements are present in the star and in what quantities.

More important, though, for distance measurement, is the fact that
these absorption lines are redshifted or blueshifted according to
whether the star is moving towards us or receding from us. Fig b
shows a redshifted spectrum.

Fighb

wavelength (nm)

R = &
v w v
| ! !

(a)

()

(a) spectrum of stationary star

(b) spectrum of star receding (moving away). Notice that the
spectral lines have been shifted towards longer wavelengths
(redshifted)

By measuring the amount of redshift/blueshift, and applying the
equation above, the speed of the star can be measured (to be precise,
it is the component of its velocity towards/away from us, and tells
us nothing about its velocity across our line of sight).

How do we get distance measurements from this information about
velocities? Well, for stars, we don’t. But for galaxies, it turns out that
there is a remarkable link between velocity and distance from us.

It would be reasonable to suppose that roughly half of all galaxies
are moving towards us and half are receding. Edwin Hubble, in the
early part of the last century, found instead that for all practical
purposes
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A1l galaxies have their light redshifted (and are thus receding).
Further, he found that the recession speed (component of velocity
away from us) is proportional to the distance from us, as in this
graph.
A

each dot )y

represents a
single galaxy

gradient=
Hubble contant

recession speed of galaxy

>

distance of galaxy

The recession speed, v, of a galaxy is proportional to the distance,
D, so that v= HD,

where H is the constant of proportionality called the Hubble constant.
The Hubble constant is often given as 65 km s MPc?, but its value
is uncertain because:

» the measurement of distance for each galaxy (done by other
methods outside the scope of this factsheet) is subject to a large

uncertainty

= the comect “line of best fit” is not obvious as the cormelation is
not perfect

= the gradient of the line of best fit IS the Hubble constant.

Exam Hint
The unit of the Hubble constant can be confusing at first sight. It does
make sense however — it means that...
* a galaxy 1 million parsecs away Is receding from us at a speed of
65 kms,
* g galaxy 2 million parsecs away is receding from us at a speed of
130 km 57, etc
Always make sure that the units of v and H are consistent
(either “km s and “ken s' MPc”", OR “m s'” and “m s’ MPc'”)

Radar measurements

Radio waves sent from the Earth can reflect from the Sun, and return
to Earth. The time it takes them to do this allows us to calculate the
distance to the Sun.

Worked example

A radar signal is sent to the Sun and returns after 16 minutes and
40 seconds. Calculate the distance of the Sun from the Earth, if
the the speed of radio waves is 3 x 10° m s,

The first thing to note is thar 16 minutes and 40 seconds is
(16 x 60) + 40 = 1000 s

We can then just use ‘distance = speed x time’ to work out the
distance the radio waves travel.
distance = (3 x 108 m s7) x 1000 s
=3 x10"m
=3 x 1% kan (300 million km)

And since this is for the trip there and back, the distance to the
Sun is 150 million km.

Worked example

A spectral line emitted by a helium-filled discharge tube has a
wavelength of 590 nm when measured using a source in a
laboratory on Earth. The same spectral line measured using
light from another galaxy has a wavelength 634 nm. Calculate
the velocity of the galaxy relative to Earth, and its distance
Jrom us.

A is the ‘true’ wavelength = 590 nm
AA is the wavelength shift = 634 nm ~ 590 nm = 44 nm

1 ¢
M v
590 ~ 3x10®

v=22x10ms’

v=HD, or D=v/H
2.2x 10* notice that v has been converted into
D= . . .
65 km s, so that its units are consistent
with those of H.
D = 340 MPc

Practice Questions

For these questions you can use the following data:
Hubble constant, H = 65 km s Mpc™

1 parsec (Pc) = 3.1 x 10**m

1 parsec = 3.3 light years.

Speed of light in a vacuum, ¢ = 3.0 x 10°ms™

1. A geostationary satellite takes 24 hours to orbit Earth once and is 42,000
km from the centre of the Earth. A low polar satellite has a period of
orbit of 90 minutes. How far from the centre of the Earth is the low
polar satellite? If the radius of the Earth is 6400 km, what are the
altitudes of these two satellites?

A star has a parallax angle of 0.31 arcseconds. The Earth is 150 million

km from the Sun. How far from Earth is it in (a) metres, (b) light years, -

(c) Parsecs, (d) astronomical units?

3. The frequency of a speciral line of the radiation from a galaxy is measured
to be 5.634 x 10"*Hz. The same spectral line from a laboratory source
has a measured frequency of 5.997 x 10"Hz.

Calculate:
(a) the velocity of the galaxy with respect to the Earth,
(b) the distance of the galaxy from Earth in MPc.

4, (a) One possible value for the Hubble constant is 65 kms™'Mpc™.
Calculate, in Mpc, the distance from the Earth for a galaxy travelling
at 1/20" of the speed of light.

(b) Calculate the time taken, in years, for light to travel from the galaxy
in part (a) to Earth.

5. A galaxy is 5.5 x 10** m from the Earth.

(a) Calculate the speed of this galaxy relative to the Earth.

(b) The galaxy emits light of wavelength 589.0 nm as it moves away
from the Earth. This light is observed on the Earth.
(i) Calculate the change in wavelength of this light due to the

[\S]

movement of the galaxy.
(ii) Calculate the wavelength of the light from the galaxy when
observed on the Earth.
Answers
1. 6600 km

200 km and 35,600 km for the altitudes

2. (a)1.0x10"m (b)10.6Ly. (c)3.24Pc (d) 670,000 AU
3. (2)1.8x107ms* (b)280 MPc

4. (a)230 MPc (b) 750 million years

5. (a) 11500kms?, (b) (1)23nm (i) 612 nm
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Stars: Luminosity & Surface Temperature

This Factsheet explains the nature of blackbody radiation and how it

relates to the surface temperature and luminosity of stars.

Blackbodies

O;% A blackbody is a perfect absorber of all EM radiation I

Since a black body absorbs all EM radiation, it reflects none of it — so you
cannot see it by reflected light, which is the way we see everyday objects

around us.

Physical objects that we see around us are not blackbodies — we would not
be able to see them if they were! However, you can make a good
approximation to a blackbody by making a small hole in a hollow sphere.
Almost all radiation entering the sphere will be reflected around the inside

until it is absorbed.

Kirchoff's law tells us that a body that a good absorber of EM radiation

will also be a good radiator.

OF‘E-W A blackbody can emit EM radiation at all wavelengths

The amount of radiation of each wavelength emitted by a blackbody
depends only on its temperature.

This is not true for other bodies - they may be particularly good absorbers
(and emitters) of particular wavelengths - so the energy emitted will
depend on the surface.

Electromagnetic Radiation
The energy of each photon of EM radiation depends on its frequency:

E = energy (joules)
h = Planck's constant

f=frequency (Hz)

The energy can also be expressed in terms of the wavelength of the EM
radiation, using the equation
c=fA ¢ = speed of light (ms™) A = wavelength (m)

From this equation, we obtain

c
=7

Substituting into the energy equation gives:

E = energy (joules)
h = Planck's constant

A= wavelength (m)

So, the shorter the wavelength of the EM radiation, the higher its
energy - short wavelength, high frequency radiation like x-rays and y-
rays have the highest energy, and long wavelength, low frequency
radiation like radio waves have the lowest energy.

Blackbody Radiation

As we would expect from everyday experience, the amount of energy
radiated by a body depends on its temperature - a hot object will radiate
more than a cooler one! The mathematical relationship between energy
radiated per second and temperature is given by the Stefan-Boltzmann law
(also known as Stefan's Law):

O’-E'" Stefan-Boltzmann law L = energy radiated per second
L = AT o = Stefan-Boltzmann constant

A = surface area (m?)
T = absolute temperature (K)

A blackbody does not radiate equally at all wavelengths - there is always a
peak wavelength at which the radiation has the highest intensity. This is
given by Wien's Law.

Ot—'"_’:" Wien's Law
2.90x107°
L _290x10

max
T

= wavelength at which radiation
has maximum intensity
T = absolute temperature (K)

‘max

So as the temperature increases, A, _decreases - the peak shifts towards
shorter wavelengths (and hence higher frequencies).

The curves showing the intensity of blackbody radiation have a characteristic
shape.

T, T,>T,>T,

Note that as the temperature increases

® The intensity of radiation at all
wavelengths increases

® The peak intensity shifts to the left

(smaller wavelengths)

J

— T 1
violet  red
These curves also explain what we observe from a radiating body:

* At low temperatures, the peak is in infra-red (or longer) wavelengths.
The intensity in the visible range is too small to be noticeable. We do
not see any light emitted from the body.

® As the temperature increases, the peak wavelength moves towards
the visible range. We see the body glowing red (as red has the longest
visible wavelength).

® With further increases, the peak wavelength moves to orange, then
yellow wavelengths.

® As the peak moves towards the centre of the visible range, with the
peak in the green wavelengths, the high intensity across the visible
spectrum makes the body appear to glow white-hot

® At higher temperatures still, the peak moves towards the blue end of
the spectrum.

-------------i)-—-—-—-—-—-—-—-—-—-—-—-—
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Luminosity

OL—‘ZW Luminosity (L) = energy (J) radiated per second

The units of luminosity are Js”, or watts

The luminosity of a star is commonly expressed by comparing it to the
luminosity of the sun (L, = 3.83 x 10°*W). This tells us how many times
brighter (or fainter) than the sun this star would appear, if it was the same
distance from us as the sun.

Luminosity and Temperature

Although it seems odd, stars are actually black bodies to a good
approximation. If you shine a light at the sun, it will not be reflected. But
of course the sun does not look black! This is because it is radiating.

The luminosity of a star can therefore be related to its temperature as
described in the Stefan-Boltzmann law. Since stars are approximately
spherical, we know that 4 = 47w, where r is the radius of the star.

L = luminosity
o = Stefan-Boltzmann constant
r= radius (m)
T = absolute temperature (K)

OC;FOF a spherical body
L = 4no r’T*

Remember: The temperature referred to here is the surface temperature
of the star. Its core temperature will not be the same.

Example. The luminosity of the sun is 3.83 x 10%W.
Its radius is 6.96 x 10°m. Calculate the surface temperature of the sun.
(6=5.67x10"° W m? K*)

L =4no T
3.83 x10°° = 4n(5.67x 10°%)(6.96 x 10°)°T*

4o 3.83x10%
478(5.67x107%)(6.96x10%)?

e 3.83x10%°
\I 470(5.67x107%)(6.96x10%)?

T=5770 K (3SF)

There is a great variation in luminosities and surface temperatures. as
shown in the table below.

Star luminesity/Lg Surface Temperature/K
Orionis C 30 000 33 000
Spica 8300 22 000
Rigel 130 12 500
Altair 24 8700
Procyon A 4.00 6 400
Alpha Centauri A 1.45 .5900
The Sun 1.00 5800
Tau Ceti 0.44 5300
Pollux 0.36 5100
Epsilon Eridani 0.28 4830
Ross 128 0.0005 3200
Wolf359 0.0002 3000

Wien's Law and Temperature

Wien's law enables us to deduce the temperature of a star from the wavelength
at which it radiates with the maximum intensity. It also allows us to relate
the colours of stars to their temperature.

Increasing Temperature

red yellow-orange yellow yellow-white white blue-white blue

Increasing Wavelength

Example. Rigel is a blue star, whose peak emission wavelength is
2.32x107m. Use Wien's law to calculate the surface temperature of Rigel.

2.90%x1073
/lmax :Tj
232x107 = 2203107
-3
TzL”Oﬁ]szK
23210

Exam Hint: Questions on this topic will typically ask you to:

® Sketch a second blackbody curve on the graph you are given, for
a body of different temperature

® Use Wien's law to estimate temperature or peak wavelength

® Use the Stefan-Boltzmann law to find radius, luminosity or
temperature

® Use any of the above in conjunction with the Hertzsprung-Russell
diagram (Factsheet 41)

Questions

1. The star Becrux has a luminosity of 6.128 x 10°*°* W and a surface
temperature of 30 000K.

Calculate an estimate for its radius (o = 5.67x 10° Wm? K*)

2. The graph below shows the relative intensity of different wavelengths
emitted by a star.

relative intensity

wavelength

(a) Given the star has a surface temperature of 4200K, calculate the
wavelength at which the intensity is maximum.

(b) Suggest the colour of this star
A, =7x107m; A, =4x107m)

(c) Another star has a surface temperature of approximately 6000K
On the graph above, sketch a curve to show the relative intensity
of wavelengths emitted by this second star.

Answers
1. 12 = 6.128 x 10°%/(4n x 5.67x 10 x 30000%) =1.062 x 10" r = 3.3 x 10°’m

2 (a) A, =2.90x 10°/4 200 = 6.90x 107 m
(b) red
© |
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Livesof Stars

Classification of stars
The classification of stars depends on their brightness or intensity and
their temperature.

M agnitude
The magnitude of a star isameasure of how bright itis.

The apparent magnitude measures how bright the star appears from
earth. However, this is not very useful, because a close, dim star and a
more distant, bright star may well appear similar.

Instead, absolute magnitudeis used.

h Absolute magnitude of a star isthe apparent magnitude
it would haveif it was 10 parsecs from earth.

Absolute magnitude takes val ues between —10 and + 15.

e negative numbers corresponding to bright stars

e positive numbers correspond to dim stars

So, for example, a star of magnitude —6 is brighter than one of
magnitude —1, which again is brighter than one of magnitude 6.

Note that doubling the magnitude does not mean that the intensity is
doubled or halved. A difference of magnitude of 1 corresponds
approximately to afactor of 2.5 in the intensity of light.

So light from a star of magnitude —6 is 2.5 times as intense as light from
a star of magnitude —5. Similarly, a star of magnitude —6 is 2.5° = 97
times as bright as one of magnitude —1.

This means that magnitude is similar to a logarithmic scale (see
Factsheet 10 - Exponentials and Logarithms).

Temperature
The (surface) temperature of a star can be determined from the colour of
thelight it emits. Thisisreferred to as classification by spectral type.

Colour
Blue
Blue-white
White
Y dlow-white
Yelow
Y ellow-orange
Red

Spectral Type Temperature

Hottest

ESXOTM>»®WO
Increasing
temperature

Coolest

Why doesthe colour change with temperature?

Hot bodies emit electromagnetic radiation of a range of different
wavelengths. There is aways a pesk intensity at one particular
wavelength. Asthe body gets hotter:

e Theintensity of radiation emitted at each wavelength increases

e Thewavelength at which the peak occurs decreases

The hottest stars have peaks at the blue (short wavelength) end of the
visible spectrum, and the coolest ones at the red (long wavelength) end.

Astronomical Distances
Distances between stars may be measured in:

e Astronomical units (AU) — thisis the mean distance between the
earth and the sun.
1AU =~ 15x 10"m
e Parsecs (pc) - this unit of distance is derived from the parallax
method of measuring stellar distances.
1pc=2x10°AU
e Light-years—thisisthe distancelight travelsin one year.
The speed of light is 3.00 x10° ms™.
There are 60 x 60 x 24 x 365 secondsin ayear.
So 1 light year = 3.00 x10° x 60 x 60 x 24 x 365
=9.46x 10"°m

Hertzsprung-Russell (H-R) Diagram

This shows the absolute magnitude of stars (y-axis) plotted against their
temperature (x-axis). The scales are somewhat “unusual”, in that:

o Negative magnitudes (and hence bright stars) are at the top

e High temperatures are to the left

-10 .
hot, bright cool, bright
€ 5
2
IS
2 0
£
g 45
2 i cool, dim
_2 +10 hot, dim ,
+15
40000 20000 10000 5000 2500
Temperature (K)

Note that the temperature scale is logarithmic — the temperature halves
each horizonta unit. This is necessary to display the wide range of
temperatures on one graph.

Y ou may encounter slightly different versions of this diagram:
e The y-axis may be intensity, rather than absolute magnitude — in
which case alogarithmic scale is used.

e Thex-axis may give the star’ s spectral type (O,B,A etc)

e Both axes may have scalesrelative to the Sun
o0 the y-axis would show intensity relative to the sun (a value
of 2 indicating a star twice as intense as the sun)
0 the x-axis would show temperature relative to the sun (a
value of 2 indicating a star twice as hot as the sun).

————————————————————————— —————————————
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When the absolute magnitudes and temperatures of stars are plotted on
an H-R diagram, we find that most of the stars fall on a diagona band
from the top left to bottom right of the diagram. These are known as
main sequence stars.

There are two other clusters of stars on the H-R diagram:-

Ahanliite mannitiide

A group of cool, red stars that are bright. Since they are cool, they
must be very large to be so bright (typically their diameters are 10-
100 times that of the sun). These are known asred giants.

A group of hot, white stars that are dim. Since they are hot, they
must be small to be so dim (typicaly their diameters are about 1%
that of the sun). These are known as white dwarfs.

-10 T, Hot blue stars =
-5 .
Red giants
0
+5
+10 & .
White dwarfs 3
Cool dim stars
+15
40 000 20 000 10 000 5000 2500
Temperature (K)

Masses of stars

Binary star systems (in which two stars orbit each other) can be used to
derive estimates of the mass of stars, using data on the distance between
the stars, the period of their orbit and Kepler'slaw. This has shown that
there is a relationship between a star’ s position on the H-R diagram and
its mass.

The most massive stars are the hot, bright stars at the top
left of the H-R diagram. The least massive stars are the cool,

dim stars at the bottom right of the H-R diagram.

Lifeof astar

The life of a star may be divided into four sections:- protostar, pre-main
sequence, main sequence and post-main sequence. The end of the star’s
lifewill be considered separately.

1. Protostar

Space contains very thinly dispersed gas — largely hydrogen (H) with
some helium (He). In some regions, this gas is rather more dense — these
areknown asinterstellar gas clouds.

In these clouds, random fluctuations in density will result in there
being some regions where the atoms are closer together than
average. Gravitationa attraction between these atoms will then
result in the density increasing further, so that atoms from the
surrounding areas are aso attracted. If this region becomes large
enough and dense enough, it may produce a proto-star.

Physics Factsheet

As the atoms in a proto-star become closer together, they lose
gravitational potential energy. This loss is balanced by an increase
in kinetic energy of the atoms — which is equivalent to arise in
temperature. While the density of the cloud is sufficiently low for
infrared radiation to pass through it, thisthermal energy is radiated.

. Pre-main sequence
As the gravitational collapse of a proto-star continues, it becomes
opague to infrared radiation — the thermal energy is trapped and the
star starts to heat up.
The heating within the proto-star increases its internal pressure —
this resists the gravitational contraction.
The heat generated causes the proto-star to radiate heat and light
very weakly — it has become a pre-main sequence star.

. Main sequence

The pre-main sequence star continues to increase in temperature.
Eventualy, the temperature becomes sufficient (at several million
kelvin) to start thermonuclear fusion of hydrogen (see box). Thisis
known as hydrogen burning. It has then become a main sequence
star.

If the initial protostar was too small (less than about 8% of the mass
of the sun) it will not be massive enough to produce temperatures
sufficient for fusion — it will never become amain sequence star.

Exam Hint:- Hydrogen burning in a star does not involve burning
in the normal sense of the word — it refers to thermonuclear fusion

of hydrogen, not a chemical reaction.

Eventually, the star reaches an equilibrium state in which:

The energy radiated by the star balances the energy produced in
thermonuclear fusion — so the temper atur e is constant.

The radiation pressure outwards from the core of the star balances
the gravitational pressure tending to collapse the star — so the sizeis
constant.

Hydrogen burning

Hydrogen burning occurs in three stages:-

e Two protons fuse to form a deuterium nucleus, a neutrino and a
positron.
%H+%H—>§H + v+(ie

e The deuterium nucleus fuses with another proton to form a
helium-3 nucleus.
IH+2H—3He

e Two helium-3 nuclei fuse to form a helium-4 nucleus and two
protons

SHe+3He—3He+2tH

4. Post-main sequence

Once the hydrogen in the core of a star is used up, the state of
equilibrium is broken — it then leaves the main sequence. Some
hydrogen burning may continue in a shell surrounding the core. The
coreitself will consist mainly of helium.

The core then contracts, reducing its gravitationa energy and
increasing its temperature. This increases the rate of energy output
from the core.

The increase in energy output causes the star to expand. As it
expands, its outer layers cool. A red giant is produced.

The core of the red giant continues contracting, increasing the
temperature still further. Eventually, the temperature is sufficient to
produce fusion reactions of the helium in the core — helium burning
—which produces beryllium, carbon and oxygen nuclei.

Helium burning maintains the red giant in a stable state for 10-20%
of thetime it spent on the main sequence.

—_—
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Death of the star
Eventually the helium is exhausted in the core of a red giant; its core
then collapses again. What happens next depends on the size of the star.

(@) Mass of corelessthan 1.4 solar masses
(main sequence mass below 5 solar masses)

e No further thermonuclear reactions are started, as the temperature is
not sufficient

e The star sheds its outer layers of gas — approximately 50% of its
mass. These form a planetary nebula

e As there is no nuclear burning, there is no outward pressure to
balance gravity — the core is compressed further.

e This collapse is hated when eectrons in the atoms in the core
become close enough together to generate Fermi pressure — this
occurs because of the Pauli exclusion principal, which states that
two electrons cannot be in the same place at the same time.

e A very smal, hot and dense star is produced — awhite dwarf.

e Thewhite dwarf cools gradually, becoming dimmer.

(b) Mass of core between 1.4 and 3 solar masses
(main sequence mass between 5 and 15 solar masses)

e Further thermonuclear reactions are ignited in the compressed core.
The first of these is carbon burning, which produces neon and
magnesium nuclel. This may be followed by further reactions, if the
initial mass of the star, and hence temperature reached, is sufficient.
These are neon burning, oxygen burning and silicon burning.
The product of silicon burning is iron; this is very stable and so
energy would be required for further fusion reactions to take place.

e When the fuel for the final thermonuclear reaction is exhausted, the
star will undergo gravitational collapse.

e For stars of this mass, the Fermi pressure of the electrons is not
sufficient to prevent further contraction. The electrons combine with
protonsin the nuclel of atomsto produce neutrons.

e The collapse then continues until the Fermi pressure of the neutrons
prevents further contraction. This final collapse is extremely rapid
and produces afast rise in temperature.

e The halting of the final collapse produces a shock wave, which with
the pressure from the hot core of the star causes it to explode,
producing a super nova.

e The supernova emits enormous quantities of radiation (sometimes as
much as an entire galaxy!) for afew days. The temperaturesinside it
cause thermonuclear reactions that require energy, rather than give it
out. Thisis how elements heavier than iron are formed.

e Theremains of the supernovaform a nebula.

In some cases, some of a star's core will remain after a supernova. This

isaneutron star — a star consisting of neutrons as tightly packed as the

Fermi pressure will allow. Neutron stars are super-dense — over 10°

times as dense as awhite dwarf, or 10™ times as dense as the Earth.

(c) Mass of coregreater than 3 solar masses
(main sequence mass greater than 15 solar masses)

e Asin (b), the star undergoes gravitational collapse, producing a
neutron star.

e For stars of this mass, the Fermi pressure of the neutrons is not
sufficient to prevent gravitational collapse. The star collapses further
to form ablack hole.

e The core of the star shrinksto an infinitesimally small point with an
infinitely high density —asingularity.

e The gravitational field close to the singularity is so strong that even
light cannot escape. The boundary of this region — where the escape
velocity is equal to the speed of light —is called the event horizon.

How doesthe size of a star affect itslifespan?
The lifespan of a star on the main sequence is determined by its
mass — the more massive the star, the shorter its lifetime.

Massive stars have a short lifetime — athough they have more
nuclear fuel available, their luminosity is much greater, and so
the fuel is exhausted more quickly.

Typical Exam Question
The diagram below shows an outline Hertzsprung-Russell diagram.
(@) Label the axesof this diagram
(b) Points A, B and C on the
diagram
are approximate positions of the
sun in three stages of itslife.
(i) Nametheregionsof theH-R
diagramthat A, B and C liein
(ii) State the sequencein which the
sun is expected to occupy these
positions.

Solution

(a) x-axis. temperature (or spectral type)
y-axis. absolute magnitude (or intensity)

(b) (i) A: whitedwarfs B: main sequence
(i) BCA

C: red giants

How big isablack hole?

The size of a black hole — its Schwar zschild radius — can be found
by considering the escape velocity.

If amass misto just escape the gravitational field of a star of mass M,
then it will have zero speed “at infinity”. Since gravitational potential
energy is also zero at infinity, the total energy of the massis zero.

mvZ. GMm _

Considering its energy at the surface, gives > T 0

2GM

For ablack hole, vee =Ccandr = Ry, Rearranging: Ry, = 5
C

Questions

1. Explain why ablue-white star is hotter than ared star.

2. Sketch an H-R diagram, labelling main sequence stars, red giants
and white dwarfs. State where on your diagram the most massive
main sequence stars are to be found.

3. Describe the formation of astar up to the point where it joins the
main sequence.

4. A blue star has mass 20 times that of the sun.

(a) State how itslifespan on the main sequence will comparewith
that of the sun.

(b) Sketch an H-R diagram to show thelife history of this star up to
the point where it becomes a supernova

(c) Explain what will happen to the core remnant of this star.

5. Caculate the length of alight year in metres, showing your working
and giving your answer correct to 1 significant figure.
(speed of light ¢ = 3.00 x10% ms?)

6. Find the Schwarzschild radius for ablack hole of mass 4 x 10¥%g
(gravitational constant G = 6.67 x10® N m*kg?)

Answers
Answersto questions 1 — 3 may be found in the tguxtémova
4. (&) Shorter than the sun (b) P
(b)
N red giant
main
sequences
star N

(c) Seetext for “Death of the star (¢)”
5. Number of secondsin 1 year = 60 x 60 x 24 x 365
So one light year = 60 x 60 x 24 x 365 x 3x 10 =9 x10%® m

2GM 2x6.67x1078 x 4x10%°
6. Reh = > = =

=5.9x% 10°m
c 9x10°
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Electromagnetic Doppler effect and the
expanding Universe

This Factsheet will explain:

. Thetheory of the Doppler effect as it affects electromagnetic waves;

* Emission and absorption spectra;

e Thered shift of radiation from distant galaxies and Hubble's Law;

* How evidence of the Doppler effect in absorption spectra gives us
knowledge of the Universe and its origins.

Before studying this Factsheet, you should be familiar with:
e ideasof the"Red Shift” andthe” BigBang” theory fromthe GCSE syllabus.

You should also know:

e Therelationship: v = fA, which connects the vel ocity, frequency and
wavelength of a wave. Factsheet N0.17 explores the properties of
waves and this relationship.

e That theelectromagnetic spectrumisafamily of waves, which all travel
a the same velocity — the so-called “velocity of light” (3.0 x 10° ms?),
but with different wavelengths; thisranges from waveswith the longest
(radio waves) with a wavelength of the order of km, to those with the
shortest (y-rays) with awavelength of the order of pm (102m).

e That light (and therefore all the other radiation in the e-m spectrum) is
observed to travel at 3.0 x 10 ms?! no matter what the speed of the
object which isemitting the radiation.

You should be familiar with principle of superposition of light, theideas of
diffraction and the use of adiffraction grating to produce a spectrum.

You should also be familiar with the idea of the energy levelsin an atom,
and with the quantization relationship (Factsheet 1):

AE=hf  where AE=energy level gap
h = Planck’s constant
f = frequency of the emitted radiation
TheDoppler Effect

You will have noticed the Doppler effect in sound waves: when atrain
approaches a station, the pitch (and therefore the frequency) of itswhistle
risesuntil it passes an observer on the platform, then falls asthe train goes
past the observer and movesaway. If you hurl awhistle around your head
on the end of apiece of string you can hear the changing frequency asthe
whistle approaches and recedes from your ear.

Thesameeffect occursin electromagnetic waves. Theexplanationliesinthe
fact that, unlikeaball thrown fromamoving train, the speed of emradiation
is constant no matter what the speed of the object from which it originates.

Frequency of em radiation from ar eceding obj ect

Consider fig 1. Wavesfrom the object travel with aspeed ¢ (3.0 x 108 ms?),
the object is receding with a speed of v, so the waves become spread out
over agreater distance, i.e. their wavelengthincreases. |If their wavelength
increases while their speed stays the same, then the frequency decreases.
The changein wavelength A1, causes achangein frequency Af.

AL _Af _ v

f c

It can be shown that

Fig 1. Freguency of em radiation from a receding object

blueshift redshift

Or‘=w If radiation is emitted froma receding source, itsfrequency is
lowered slightly. Therelationship isgiven by: AT/I = %= %

Emission Spectra
The spectra of hot gases can be observed using adiffraction grating.

Hot gases emit a spectrum, but it is not a continuous spectrum like a
rainbow (called a“black body spectrum”). It consists of discrete lines as
shown inthediagram.

if g1 ] ] I

Na

K : i

Rb

Cs
Ho | [ifl |
e M ITT

| | | |
400 500 600 700

wavelengthin nanometers

When the gasisheated, the electrons are excited into ahigher energy state.
When they drop back into lower energy states they emit a photon of
radiation of a specific frequency. The energy of this photon is given by:

f= AE where f =thefrequency
h AE =the energy level gap
h = Planck’s constant

This gives a line of a frequency characteristic of the element which is
emitting the radiation.

S ———————————..
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f._% An emission spectrum consists of discrete lines of frequency

characteristic of theelementsemitting theradiation

Example 1
Calculate thefrequency of the emission linein ahydrogen spectrum, which
corresponds to atransition between energy levels of AE =10.19eV.
Planck’s constant h = 6.6 x 10*Js; e = 1.6 x 10°C

_E _ 16x10%x10.19 _ 15
== “eox10n = 247x10°Hz
Absor ption Spectra
When “whitelight”, i.e. radiation of all frequencies, passesthrough cooler
gases, radiation is absorbed at the frequencies where it would have been
emitted by the hot gases. So radiation passing through the cooler layers of
the atmosphere of distant stars acquires dark lines characteristic of the
gasesin the atmosphere. Thuswe can recognize, say, hydrogen and helium
lines in these absorption spectra from distant stars.

=

Anabsor ption spectrumconsistsof a“ whitelight” background
crossed with dark lines of frequencies characteristic of those elements

which have absorbed the radiation.

Doppler shift of linesin absorption spectra.

Studying the absorption spectra of the light from distant stars doesindeed
show characteristiclines, but the frequencies are shifted by afixed amount
to slightly lower values than those observed close to Earth. (The so-called
“Red shift”, since thered end of the visible spectrumisof lower frequency
than the violet end.) So, for example, if there was a series of hydrogen
lines, they would have the same differencein frequencies as those observed
with hydrogen spectrafrom sources on Earth but they would be of dlightly
lower frequency.

As explained above, the Doppler effect could account for thisred shift, if
the source of the radiation is moving away from Earth. It is possible to
calculate the speed at which the source would need to be moving away in
order to give aparticular frequency shift, from the formulagiven above,

AL _ vV

A C

ﬁ.% Doppler effect can explain the shift to lower frequencies, which
isobserved inthe characteristic linesin absorption spectra of theradiation
from distant stars. The stars are moving away from each other or
receding.

Example 2
Calculate the speed at which a source would be receding, if alinein its
spectrum was shifted from a wavelength of 600nm, to 603nm.

AL _ v _ 3x10° _ )
R v_6—00><10’9X3X108_ 1500 km s~
Hubble sLaw

The astronomer Edwin Hubble calculated the speeds at which observed
galaxies were receding, from the red shift of their absorption spectra. He
looked for arelationship between the speeds and the distance away of the
galaxy and found that the speed is directly proportiona to the distance
away. Thisisexpressed as Hubble's Law:

v=Hd Where: d = thedistance of the galaxy from Earth
v = speedin compatible units

H = the Hubble constant (thought to liein therange
0- 16-23x10%8s?Y)

Large distances are very difficult to estimate accurately, so thereisalarge
uncertainty inthevalue of H. (These methods are beyond the scope of A2
study, though methods of estimating distances to the nearest galaxies are
dealt with in the Astrophysics Option of some specifications.)

Unit of distance

Sincedistancesin space are so vast they would become unmanageableinm
or km. Several other unitsareused. Oneisthelight-year. A light-year is
the distance travelled by light in ayear.

llight-year = 3 x10° x 60 x 60 x 24 x 365.25
= = 9.467x 10"m

==

TheBigBang

A sensible explanation for thered shift of light from distant galaxiesisthat
they arereceding. This supports the Big Bang theory of the origin of the
Universe. If the entire Universe began as a concentrated point and then
exploded, then wewould expect al galaxiesto be moving away from each
other. Additionally we would expect them to be slowing down, since the
only force acting should bethe gravitational pull of other galaxies, to reduce
theinitial velocity after the bang.

Hubble's Law suggests that those galaxies further away from Earth are
moving faster. Thefurthest galaxiesarea so theoldest, sincethelight takes
longer to reach us, so we are seeing them asthey werelong ago. Thusthe
older galaxiesaretravelling faster.

Or‘=w Thered shift of galactic radiation supportsthe Big Bang TheoryI

TheAgeof theUniverse

Hubble's Law can also be used to give an approximate value for the age of
the Universe. If agalaxy is distance d from our own, and has a recession
velocity of v, then separation must have occurred at atime Td ago.

This represents the approximate age of the Universe.

Sincev=Hd, 4.1
v H
This gives an approximate age of the Universe as 1 — 2 x 10" years
(10— 20 billion years). There are two problems with this:
(a) it assumes a constant speed, and as we have suggested, the speed is
thought to have decreased from an initial valueto its present value;
(b) thelarge uncertainty in H.
These factors mean that this is a very approximate estimate!

Typical Exam Question
(a) The table lists three physical quantities. Complete the table.

Physical Quantity | Any commonly used unit| Base units

The Hubble constant

Galactic distances

Planck’s constant

(6]
(b) Write a short paragraph explaining how the Hubble constant

gives a value for the approximate age of the Universe. [4]
Answer
@)
Physical Quantity Any commonly used unit Base units
The Hubble constant kms*Mpc? or s? st
Galacticdistances light-year m
Planck’s constant Js kgmest*

*(energy = force x distance, force is mass x accel, accel is ms?)

(b) Hubble'sLaw relatesthedistance away of distant galaxieswith their
speed of recession as calculated from the Doppler shift of their
radiation, by the equation: v= Hd

— e —
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Exam Wor kshop

Thisisa typical poor student’s answer to an exam question. The
comments explain what is wrong with the answers and how they
can beimproved. The examiner’s answer is given below.

(a) TheDoppler shift may beused to study themovement of distant
galaxies. Explain what is meant by a Doppler shift and how it
is used to study the movement of distant galaxies. You may be
awarded a mark for theclarity of your answer. [5]

Doppler shiftiswhenthewavel engthisshifted. It showsthat galaxies
are moving apart. This supports the Big Bang theory. 1/5

The student has been award a mark for mentioning movement away
associated with ashift of wavelength, but hasfailed toidentify what
wavelength s/he is talking about, or which way it is shifted. No
explanation of the Doppler effect hasbeen given. No credit hasbeen
given for thereferenceto the Big Bang theory, sincethisisnot called
for in the question.

(b) Hubble'slaw statesthat: v=Hd
whered isthedistance of agalaxy from Earth, and vitsspeed in
compatible units, and H is the Hubble constant.
(i) Give a suitable unit for H [1]

visinlight-yearsand d in m, so H islight-years/m 01

The student hasbecome confused. Thelight-year isaunit of distance,
not time or speed.

(ii) Explain why thereisalarge uncertainty in H [2]

becausethe quantitiesaredifficult tomeasureaccurately  1/2

While the student appreciates that difficultiesin measuring cause an
uncertainty, s’he has not been sufficiently specific that it is the
DISTANCE which is difficult to measure with accuracy.

(iii) Explain how theDoppler shift and Hubble' sLaw supportthe
Big Bang theory. [2]

Galaxiesaremovingaway fromeachother, somust haveexpl oded
inthe past. 12

Not sufficient for both marks. |

Examiner’ sAnswers
(a) When EM radiation is emitted from a moving §>urce, the discrete
spectral linesinitsabsor ption spectrumsuffer achang;ofwavel ength.

If the sourceismoving away, then the shiftisto longer walel engths.

The speed ofreconcanbecalculatedfromA_f:!/ v
c
(b) (i) Ifdisinkm,then compatibleunitsfor vwould bekms?, so units
of Hares®. v/

v
(i) To determine H requires measurement of A,A4, and d.
Measurement of Aand AA canbedonewithreasonableaccuracy,
but gl/isvery difficult to measure accurately.

(iii) Thegalaxiesthat arefurthest away areal sotheoldest, sincelight
has taken longest to reach us. v’
Thesearemoving faster, so younger, closer galaxiesaremoving
at slower speeds, aswould beexpected if they had been produced
ina hug\e/expl osion at some stage in the past.

Questions
1. Explain why radiation from a moving source experiences a shift of
wavelength.

Give the equation for the shift of wavelength.
Islight from areceding source shifted to longer or shorter wavelengths?

State Hubble's Law.

ag > »w N

A spectral line in the absorption spectrum of a distant galaxy showsa

Doppler shift from 550nm to 555nm.

(8) Caculatethe speed of recession of the galaxy.

(b) If the galaxy’s distance away is estimated to be 1.44 x 10?km,
what value does this give for the Hubble constant?

Answers
Scetext
Scetext
Longer
v=Hd
a) A4
A

grwdpE

_ 5><3><108:

6
550 2.7 x10° m/s

\4
=— S0V
C

6
b) yoHd o H=L = 27X10° _ 4 jpus

d 1.44 x 10*

Acknowledgements: This Physics Factsheet was researched and written by Janice Jones.
The Curriculum Press,Unit 305B, The Big Peg,120 Wse Street, Birmingham, B18 6NF.
Physics Factsheets may be copied free of charge by teaching staff or students, provided that
their school is a registered subscriber.

No part of these Factsheets may be reproduced, stored in a retrieval system, or transmitted,
in any other form or by any other means, without the prior permission of the publisher.
ISSN 1351-5136

_— e——



Physics Factsheet &

www.curriculum-press.co.

An Inventory of the Solar System: Part 1

In this factsheet we will explore circular motion, centripetal acceleration and centripetal force in everyday sitnations, and apply these ideas
to our solar system.

Our solar system consists of one sun, nine planets, over 150 natural satellites and many small bodies like asteroids and comets. The four
inner planets are relatively small, rocky bodies. The four outer planets are gas giants. Pluto can be considered a bit of an anomaly. All of
the nine planets have elliptical orbits: elongated circles.

The Solar System

Pluto

Spin a ball at the end of a piece of string around your head. Someone  Both the ball AND the planet would travel along path C. Why?

cuts the string. What happens next? What would happen to a  If we cut the string or removed the sun, there would be no force
planet if the sun disappeared? acting on the ball or planet. We know what happens if there is no
resultant force acting: the ball or planet stays still or carries on with
the same steady speed in a straight line (Newton’s 1% Law of motion).

_ - ~ Without the string, the ball would follow path C. With the string,
P N F the ball follows path E. There must be a force acting on the ball,
/ N \ constantly pulling the ball around into a circular path. What is this

\
@-———o A G ! force? Which direction does it act?
i

N ’ N ’ The force is inwards, towards the centre of the circle. It is caused
- ~ . - by the tension in the string.

If you swing a ball on a string around your head, when the string is cut
where does the ball go?

P Any object travelling in a circle will continue in a straight
line at the same steady speed if the inward force is removed.

C

B D We know acceleration happens when an object changes velocity.

But velocity is a vector: speed in a particular direction. If the

direction of travel changes, we have acceleration, even if the actual

speed remains the same. So an object moving in a circle is always

____@ Ad— accelerating towards the centre, even if the speed stays the same.
This is also true for any object in an orbit. The gravitational attraction

between the sun and the planet keeps the planet in an orbit. The

planet is continually accelerating, but travels at a steady speed!

When something is travelling in a circle, we call the inward
A planet orbits the sun, if the sun is removed where does the planet acceleration centripetal acceleration and the inward force
centripetal force. These aren’t NEW forces, just a handy way of
thinking about the forces already involved, like tension in a string,
friction on a road or gravity between a sun and planet.

go?
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h An object moving in a circle is always being
accelerated, but the speed DOES NOT change

Example Exam Question

A yo-yo is spun at a steady speed around a person’s head at the
end of a piece of string.

(a) Draw an arrow on the diagram showing where the force is

acting. (1 mark)
(b) Draw an arrow to show where the yo-yo would travel if the

string were cut. (1 mark)
(c) Explain why the yo-yo is accelerating, despite travelling with

asteady speed. (2 marks)
(d) Draw an arrow to indicate the direction of acceleration.

(1 mark)

Answer

@ v

a)and d)

a)v b)Y andd) v
c) Velocity is speed in a particular direction. ¥v" But the direction
keeps changing so the yo-yo must be accelerating. v

Centripetal acceleration and centripetal force

s

. . v
Centripetal acceleration a =

If the radius is small, we need a big acceleration. We need a very
big acceleration if the speed is great because of the v* term. The
planets closest to the Sun move fastest. A large centripetal
acceleration is required to keep them in orbit.

This is the relationship for centripetal acceleration, speed and
radius.

Newton’s 2™ law of motion tells us F=ma. This gives us a
relationship for centripetal force:

5

Centripetal force F =—m?‘i-

So for the fast moving inner planets, a large centripetal force is
required. The Sun’s gravitational field is strongest nearest the
inner planets, and is the source of this centripetal force.

’ For any object moving a circle, the force is ALWAYS
towards the centre

Exam Hint: Q) Does the earth do work keeping the moon in
its orbit? A) The force is always acting at right angles to the
motion. No work is done, because there is no component of the
force in the direction of motion.

Exam Hint: What happens if you twirl a yo-yo around your
head at the end of its string and let go? It will continue in a
straight line in the direction it was travelling when released.
But don’t forget it will ALSO fall down towards the ground:
accelerating due to gravity. lIts path will be parabolic in a
vertical plane.

Misconception: Centripetal and centrifugal

=  However, there is NO OUTWARD FORCE

inwards: forcing your body around the comer

X

Force not acting on
passenger:
centrifugal

*  Picture yourself sitting in the passenger seat of a car. What happens to you when the car turns right?
*  You feel pressed up against the door. Many people say there is a force “throwing you™ outwards.

»  Your body is “trying” to obey Newton’s First Law of motion: continue at the same speed in the same direction. The force acts

A\ Path that passenger would take

v

Path of car

Force acting on passenger:
centripetal
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Practice Questions
Show all working, including any rearranging of equations.

1. What is the cause of the centripetal force keeping planets in their orbits? Which direction does it act?

)

Describe and explain what would happen to any object moving in a circular path if the centripetal force were removed.

3. The radius of the moon’s orbit around the earth is 384,000km. Calculate the distance it travels in one orbit. The orbital period of the
moon is 27.3 days. How fast does the moon travel, in metres per second?

4. Calculate the centripetal acceleration of the moon using your answer from question 3.

5. The earth has a mass of 5.98 x 10%*kg, an orbital speed of 30kms" and orbits 150 million km from the sun. Explain why we can use the
centripetal force equation to calculate the gravitational attraction of the earth to the sun. Calculate this attraction.

6. How can an object be accelerating if it moves at a steady speed in a circular path?

7. If the speed of a car is doubled, how does the centripetal force needed for it to tumn a comer change? What happens to required
centripetal force if the radius of the turn is halved? What if the mass of the car is halved?

8. If a circular fairground ride is limited to 4g for safety reasons, with what linear speed can it spin? The radius of the ride is 10m and g
=9.8ms".

Answers
1) Gravity provides the centripetal force keeping the planets in their orbits. It acts inwards, towards the centre of the circular path.

2) An object will travel in a straight line in the direction it was travelling at the instant the centripetal force is removed.

3) Circumference of moons orbit = 2rr where r = 3.84 X 10%m so circumference = 2.41 x 10°m. Period of the moons orbit =27.3 days
=27.3 x 24 x 60 x 60 = 2.36 x 10° seconds.
distance _ 2.41 x 10°m
time ~ 2.36 x 10%

Moons orbital speed = = 1020m/s

v? 1020?

i jon=—" = =2 Sms
4y Centripetal acceleration . 384x 10° 2.71 x10°ms

5) The centripetal force keeping the earth in its orbit is caused by the gravitational attraction between the earth and the sun.
mv’> _ 5.98 x 10%kg X (30 x 10° m/s)> _ 3.59 x 10N

F=" 150 X 10°m

6) Acceleration is due to a change in velocity. Velocity is speed in a particular direction. A circular path means the direction is constantly
changing and so is the velocity.

7) Centripetal force is given by F =_n;_v-
If the speed of the car is doubled, the force needed for the turn is quadrupled because Fecv?. If the radius of the tumn is halved, the force
required for the turn is doubled because Foc 1
r
If the mass of the car is halved, the force required for the turn is halved because Feem.

8) If ¢ =9.8ms™ then maximum centripetal acceleration = 4g = 39.2ms™
a=v¥r sov=Y@axr) =V(39.2x 10)= 19.8ms
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Gravity
Gravity is an attractive force between masses. The attraction is
bigger if the masses are large, or if they are close together.

-Gm,m
Newton's Law of Gravitation F = r/ 2

But the gravitational constant, G is very small (6.67x10™"" Nm%g2).
The gravitational attraction between two people is tiny.

Gravitational field strength

Any object with mass has a gravitational fi€ld around it. Anything
with mass experiences a force in a gravitational field. We need
some way of comparing the gravitational fields of, say, the earth
and the moon. We use gravitational field strength, g.

Gravitational field strength g =;,P;—

Gravitational field strength is the gravitational force exerted on a
unit mass. Everything on the surface of the earth experiences a
gravitational field strength of 9.8 Newtons per kilogram. Everything
on the surface of the moon experiences a gravitational field strength
of 1.6 Newtons per kilogram.

We can substitute for F/m in Newton’s law of gravitation to give us
another equation for gravitational field strength.

| -GM

Gravitational field strength g = 2

Where M is a spherical mass such as a star or planet.

Exam Hint: Students often use the word “gravity” on its own.
Quite often this does not gain credit. Make it clear whether
you are talking about gravitational field strength,
gravitational force, gravitational potential, or gravitational
potential energy.

Table: Data on our solar system

When we think of how fast a planet moves around in its orbit, the
planetary mass is irrelevant. ANY planet 150 million km from the sun
would experience the same gravitational force per kg as earth.

.t

The inner planets move more rapidly because the sun’s

gravitational field strength is greater.

How does orbital speed change with distance from the sun? Why?
F=GMm/r* So Fecl/t

If the radius of orbit is doubled, then the gravitational force acting
on an object is reduced four-fold.

‘Gravity acts as the centripetal force for an object moving in an orbit,
so we can also use F=mv?/r.

mv*/r = GMm/r?
Rearranging this gives v2 = GM/r or v = V(GM/r)

So if the orbital radius is doubled, the speed of the orbit is reduced
by a factor of V2.

For example, Saturn orbits 3.1 times more slowly than Earth and 9.5
times further from the sun. If the orbital radius is 9.5 times greater,
the speed is V9.5 times slower, V9.5 = 3.1}

Exam Hint: Often when data is presented in a table, much of
the data is not needed for the questions asked. Don’t assume
that you have to make use of every fact presented to you. Decide
what you need to use, and ignore the rest.

Orbital Radius Mass Diameter Orbital Period Surface Gravity | Orbital speed
(AU) (earths) (earths) (years) (earths) (km/s)

Sun 0.0 330,000 109.2 - 28

Mercury 0.4 0.06 0.38 024 0.38 49.8
Venus 0.7 0.81 0.95 0.62 0.90 33.7
Earth 1.0 1.00 1.00 1.0 1.00 29.9
Mars 1.5 0.11 0.53 1.9 0.38 23.6
Jupiter 5.2 3178 112 11.9 2.34 13.1
Saturn 9.5 95.2 9.4 294 1.16 9.7
Uranus 19.2 14.5 4.0 83.7 1.15 6.9
Neptune 30.1 172 39 163.7 1.19 5.5
Pluto 39.4 0.002 0.18 248.0 0.04 4.7
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Ellipses and comets

All of the planets have elliptical orbits: elongated circles. Only
Pluto has an orbit which is noticeably elliptical: sometimes it is
closer to the sun than Neptune!

Occasionally a comet can fall towards the inner solar system. As it
nears the sun, some of the particles and gases are thrown out in a
spectacular tail. The orbit is very elliptical.

Halley’s Comet

The orbit of Halley’s Comet is roughly 76 years. Notice the
speed of the comet as it approaches the sun. (Check the distance
travelled between 1985 and 1986.)

eptune

821081
1980%1979

~

\
= —*1948

Why does it accelerate so much in the inner solar system? (The
gravitational field strength is proportional to 1/ )

| When the comet is nearer to the sun, it-experiences a much greater
force per unit mass: big acceleration on the way in and big
deceleration on the way out. In the outer solar system, the
gravitational field strength is much less, causing small changes

in speed. It was moving slowest in 1948 and fastest in 1986.

h As every planet has a slightly elliptical orbit, it moves
slightly faster when nearer the sun and slightly slower when
further from the sun.

Gravitational Potential

If we lift an apple off the ground, we increase its Gravitational
Potential Energy (GPE): AE = mgAh. We are doing work, applying
a force over a distance. But as we lift the apple higher and higher,
earth’s gravitational field is becoming weaker and weaker: ge<1/r2,

If we could calculate the amount of work done lifting an apple off
the earth, we could find the GPE. Work done = force X distance.
The potential energy of an apple is low on earth’s surface. It
increases as you move away. Finally, the GPE of the apple increases
to zero if you move it far enough away. What would a graph of this
look like?

distance (m)

Ve 1/t

Gravitational Potential (J/kg)

Force acting on a unit mass F= GM/r?

Work done = force X distance

Work done moving this unit mass to infinity is the gravitational
potential.

Example exam question

Describe how the speed of a comet varies throughout its path.
Explain this variation, referring to the gravitational field
strength of the sun.

Example Answer

A comet has an elliptical orbit.

It moves quickly in the inner solar system and slowly in the
outer solar system. v

Gravitational field strength is proportional to 1/r%. g is high
in the inner solar system, causing large changes in speed. g is -
weak in the outer solar system, causing smaller changes in -
speed. v/

Exam Hint: DON’T ALWAYS use mgAh to calculate an increase
in gravitational potential energy. Remember that gravitational
field strength falls over big distances. Use V=-GM/r when the
change 'in height is hundreds or thousands of kilometres.

h Gravitational potential (J/kg) V= 'GTM

Exam Hint: Make sure any sketch of gravitational force against
distance (Fe<l/r?) drops more rapidly than a sketch of
gravitational potential against distance (Ve<c-1/r) rises

h Gravitational field strength units are N/kg. Gravitational
potential units are J/kg.

Example exam question

Calculate the gravitational potential energy of a cricket ball on
the earth’ surface. State how much energy is needed to move the
ball to infinity.

Earth mass = 5.98x10*kg Earth radius = 6370km Cricket ball
= 0.5kg

Example Answer

V = -GM/r = -6.67x10" x 5.98x10°/6370 X 10 = -6.23x10J/kg v
Gravitational potential energy of ball = J/kg X 0.5kg = -3.1xIFJ v
Energy to move to infinity = 3.1x10°J v
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Escape velocity :

How fast would you need to throw a ball so it never came back
down? All of the initial kinetic energy would eventually become

GPE. If enough KE is provided, the ball could reach infinity.

KE =GPE 1/2mv?=GMm/r
or 1/2v*=GM/r
orv= \f(ZGM/r) (escape velocity)

Example exam question

Calculate the escape velocity for earth.
The mass of the earth = 5.98x10* kg.
The average radius of the earth = 6370km.

Example Answer
12m?= GMm/r v 12v=GM/r  v= V(2GM/) v
[ (2x6.67x107 X 5.98x10%)
= YL = v
v 6370x10° 11.2kmvs

Exam Hint: It is a common misconception that an object needs
to reach escape velocity to leave the atmosphere. This is only
| true if there is no continuous push. A rocket could travel out of
the atmosphere very slowly, if its engines were constantly
pushing it forward. Don’t assume rockets have to reach high
speeds.

Artificial satellites

Different artificial satellites have different purposes. We may need
a satellite to always appear in one part of the sky to provide satellite
TV. We may need a satellite that orbits earth rapidly: as the earth
spins below it, the whole of the globe can be imaged or studied. It
is the mass of the planet and the height of the satellite which
determines the speed of the satellite:

Radius and period of any orbit around a mass, M
, _ GMT?
=

4n?

We can calculate the necessary altitude of any satellite travelling in
a circular path around earth if we know the orbital period. For an
orbital period of 90 minutes:

P=6.67x10"" X 5.98x10%x (90%60)*/ 47*, 1=6.654x10%m or 6654km
This is 6654 ~ 6370 = 284km altitude

Example exam question
Calculate the orbital altitude of a geostationary satellite.

Example Answer
F=GMm/r? = mv¥/r v’=GM/r vV
Time for 1 orbit = 2nr/v  sov =27r/T v

r= 371:2”? ' T'=24 %60 X 60 seconds v’

P =6.67x10" x 5.98x10% x (20K O

r = 42249 km or an altitude of 35880km v/
(This has been worked out without assuming the equation for r.)

= 7.54x10"

Questions

Show your working clearly for every question. Think carefully about
units before calculations. Mass of the earth = 5.98x10*kg. Mass
of the moon = 7.35x10%kg. Earth moon separation = 3.8 x10°km.
Earth’s radius = 6370km (approximately). All other information can
be calculated from the table on page 1.

1. Use Newton’s Law of Gravitation to calculate the gravitational
attraction between the earth and the moon.

2. Calculate the gravitational attraction between the sun and the
earth.

3. Use the equation for gravitational field strength to calculate the
surface gravity for Earth, Mars and Jupiter. Compare your
answers to the surface gravity data in the table. Remember to
use planetary radius, not diameter.

4, Describe and explain the change in the orbital velocity of the
planets throughout the solar system.

5. Describe and explain the speed of a comet throughout its orbit.

6. Calculate the gravitational potential of a geostationary satellite.
The radius of a geostationary orbit is 42250km. What is the
change in potential from lift-off?

7. Calculate the escape velocity for Mercury, Earth and Jupiter.

Answers
-Gmm 7.35x10%
- 2 — =11 28y 20
1. F_—-—-l—-—rz 6.67x10"" X 5.98x10 X(3.8><108)2 2.03X10*N

1.97x10%°
(STO“)Q = 3.49x102N

3. Earth, 9.8N/kg. Mars, 3.9N/kg. Jupiter, 24.9N/kg

4, The force of gravitational attraction is proportional to 1/% If
the distance from the sun is doubled, the gravitational attraction
is reduced by a factor of 4. Orbital speed is proportional to 1AL,
so if the radius is doubled, the speed is reduced by 1Ar.

2, F='G—‘:}Ez = 6.67x107 X 5.98x10% x

5. A comet has a very elliptical orbit. In the inner solar system, the
gravitational field strength of the sun is great, causing large
changes in speed: accelerating inwards then decelerating
outwards. In the outer solar system, the suns gravitational field
strength is much weaker, causing smaller changes in speed.

-GM 5.98x10%*

= SRV AEAL AL AN 6

6. V= b 6.67x10M x 2.20%107 9.45x10%/kg
__'__GM = -11 M- 7

V= . =-6.67x10 X 637X10° =-6.26x10" J/kg

Change in potential = 5.32x107 J/kg

7. Escape velocity is given by v = N(GM/r).
For Mercury, v = /2 X 6.67X10"" X 3.59X10% = 4.4 km/s
2.42x10¢
Earth, 11.2km/s. Jupiter 59.6km/s.
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